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Introduction 

0.1. Let k be an algebraically closed field of characteristic exponent p > 1. Let G 
be a rednctive connected algebraic gronp over k. Let U be the variety of nnipotent 
elements of G. The nnipotent classes of G are the orbits of the conjngation action 
of G on U. The theory of Dynkin and Kostant [Ko] provides a classihcation of 
nnipotent classes of G assnming that p = 1. It is known that this classihcation 
remains valid when p > 2 is assnmed to be a good prime for G. Bnt the analogons 
classihcation problem in the case where p is a bad prime for G is more complicated. 
In every case a classihcation of nnipotent classes is known: see [W] for classical 
groups and [E,Sh,M] for exceptional groups; but from these works it is difficult to 
see the general features of the classihcation. 

One of the aims of this paper is to present a picture of the nnipotent elements 
which should apply for arbitrary p and is as close as possible to the picture for 

p = 1. 

In 1.4 we observe that the set of nnipotent classes in G can be parametrized 
by a set i5^(W) of irreducible representations of the Weyl group W which can be 
described apriori purely in terms of the root system. This explains clearly why 
the classihcation is diherent for small p. 

In 1.1 we restate in a more precise form an observation of [L2] according to 
which U is naturally partitioned into hnitely many ’’nnipotent pieces” which are 
locally closed subvarieties stable under conjugation by G\ the classihcation of 
nnipotent pieces is independent of p. For p = 1 or a good prime, each nnipotent 
piece is a single conjugacy class. When p is a bad prime a nnipotent piece is in 
general a union of several conjugacy classes. Also each nnipotent piece has some 
topological properties which are independent of p (for example, over a hnite held, 
the number of points of a nnipotent piece is given by a formula independent of the 
characteristic). 
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Another aim of this paper is the study of Bu, the variety of Borel subgroups of 
G containing a unipotent element u. It is known [Sp] that when p is a good prime, 
the /-adic cohomology spaces of Bu are pure. We would like to prove a similar 
result in the case where p is a bad prime. We present a method by which this 
can be achieved in a number of cases. Our strategy is to extend a technique from 
[DLP] in which (assuming that p = 1), Bu is analyzed by hrst partitioning it into 
hnitely many smooth locally closed subvarieties using relative position of a point 
in Bu with a canonical parabolic attached to u. Much of our effort is concerned 
with trying to eliminate reference to the linearization procedure of Bass-Haboush 
(available only for p = 1) which was used in an essential way in [DLP]. Our 
approach is based on a list of properties iPi — of unipotent elements of which 
the hrst hve (resp. last three) are expected to hold in general (resp. in many 
cases). All these properties are verihed for general linear and symplectic groups 
(any p) in §2, §3. In writing §3 (on symplectic groups mostly with p = 2) I found 
that the treatment in [W] is not sufficient for this paper’s purposes; I therefore 
included a treatment which does not rely on [Wj. 

Notation. When p > 1 we denote by kp an algebraic closure of the held with 
p elements. Let B the variety of Borel subgroups of G. If P' is a subgroup of a 
group P and a: G P let Zqi{x) — {z E V']zx — xz}. For a hnite set Z let \Z\ 
be the cardinal of Z. Let I be a prime number invertible in k. For a,b E 7i let 
[a, b] = {z E Z] a < z < b}. 

Contents 

1. Some properties of unipotent elements. 

2. General linear groups. 

3. Symplectic groups. 

4. The group A^{u). 

5. Study of the varieties Bu- 

1. Some properties of unipotent elements 

1.1. G acts naturally, by conjugation, on Hom(k*,G) (homomorphisms of alge¬ 
braic groups). The set of orbits Hom(k*,G)/G is naturally in bijection with the 
analogous set Hom(C*, G')/G' where G' is a connected reductive group over C 
of the same type as G. (Both sets may be identihed with the set of Weyl group 
orbits on the group of 1-parameter subgroups of some maximal torus.) Let Dq' 
be the set of all co E Hom(C*, G') such that there exists a homomorphism of al¬ 
gebraic groups u) : SL 2 {C) G' with (h j = (jo{t) for all t E C*. Now Dq/ 

is G'-stable; it has been described explicitly by Dynkin. Let Dq be the unique 
G-stable subset of Hom(k*, G) whose image in Hom(k*, G)/G corresponds under 
the bijection Hom(k*, G)/G ^ Hom(C*, G')/G' (as above) to the image of Dq' in 
Hom(C*, G')/G'. Let Dq be the set of sequences A= {Gq D Gf D Gf D ...) of 
closed connected subgroups of G such that for some u E Dq we have (for n > 0): 



UNIPOTENT ELEMENTS IN SMALL CHARACTERISTIC 


3 


Lie = {x G Lie = 0}. 

Now G acts on Dc by conjugation and the obvious map Dc Dq induces 
a bijection Dq/G Dq/G on the set of orbits. If AG Dq and g E G then 
= gG^g~^ for n > 0. Moreover, Gq is a parabolic subgroup of G with 
unipotent radical Gf and G^ is normalized by Gq for any n. Moreover, 

(a) G 2 /Gf is a commutative connected unipotent group; 

(b) the conjugation action of Gq on Gf /^3 factors through an action of Gq := 
GoVGf on GI/GI. 

Note also that G^ for n 7 ^ 0, 2 are uniquely determined by Gq, Gf ■ 

Let A be a G-orbit in Dq. Then := is a closed irreducible subset of 

U (since for AG A, Gf is a closed irreducible subset ofG stable under conjugation 
by Gq and G/Gq is projective). Let 

For AG Dq let = Gf H where A is the G-orbit of A. Then is an open 
dense subset of stable under conjugation by G and is an open dense subset 
of Gf stable under conjugation by Gq . (We use that DqIG is hnite.) Hence 
is locally closed in U. The subsets H^{a G Dq/G) are called the unipotent pieces 
of G. 

We state the following properties — fPs. 

^ 1 . The sets W^(AG Dq) form a partition ofU. 

^ 2 - Let A G Dq/G. The sets X^{AE A) form a partition of H^. More 
precisely, is a fibration over A with smooth fibres isomorphic to X^ (AE A); 
in particular, is smooth. 

^ 3 . The locally closed subets H^(A E Dq/G) form a (finite) partition ofU. 

^ 4 . Let AG Dq. We have GfW^ = W^Gf = W. 

^ 5 . Assume that k = kp. Let F : G ^ G be the Frobenius map corresponding to 
a split Fq-rational structure withq—1 sufficiently divisible. Let AG Dq be such that 
F{Gf/) = G^ for alln > 0 and let A be the G-orbit of A. Then |iL^(Fq)|, |W^(Fq)| 
are polynomials in q with integer coefficients independent of p. 

Assume hrst that p = 1 or p 3> 0. By the theory of Dynkin-Kostant, for AG Dq 
there is a unique open Gq -orbit X'^ in Gf; we then have a bijection of Dq/G 
with the set of unipotent classes on G which to the G-orbit A of AG Dq associates 
the unique unipotent class of G that contains moreover, if (7 G X'‘^ then 
ZQ^{g) = Zq^p). As stated by Kawanaka [Ka], the same holds when p is a good 
prime of G (but his argument is rather sketchy). To show that iPi — fPa holds when 
p is a good prime it then suffices to show that X'^ = for any A. It also suffices 
to show that X'^ = Gf for AG A as above. (Assume that g E Gf ,g ^ 

Let g’ E A'^. By the dehnition of A'^ and the irreducibility of Gf, the 
dimension of the Gq -orbit of g is strictly smaller than the dimension of the Gq- 
orbit of g'. Hence (iim.ZQ^{g) > divaZQ^^g'). We have divaZQ^g) > dim.ZQh[g), 
dim. ZQh[g') = dim Zq^q') hence dim Zq^q) > dim Zq^q'). This contradicts the 
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fact that g' are G-conjugate.) In this case we have and is the 

closnre of H'^. 

We expect that — ^5 hold in general. In the case where G = GLn(k) (any 
p) the validity of iPi — ^5 follows from 2.9. In the case where G is a symplectic 
gronp (any p) the validity of — ^5 follows from 3.13, 3.14. If G is of type En 
(any p) then one can dednce iPi — iPs from the varions lemmas in [M], or rather 
from the extensive compntations (largely omitted) on which those lemmas are 
based; it wonld therefore be desirable to have an independent verihcation of these 
properties. The case of special orthogonal gronps will be considered elsewhere. 

We note the following conseqnence of iPi. 

(c) If AG Dc and u G then Zg{u) C Gq • 

Let g G G. Then gug~^ G Hence if (7 G Zg{u) we have u G X^^. Thns, 

X^^ n X^ 7 ^ 0. From iPi we see that g A=A. In particnlar gGQg~^ = Gq and 
g G Gq , as reqnired. 

1.2. Let AG Dg- We assnme that iPi — ^4 hold for A. Let : Gf — G 2 /Gs 
be the obvions homomorphism. By ^^4 we have X^ = ( 7 r^)“^(W^) where is a 
well dehned open dense snbset of Gf /Gf stable nnder the action of Gq . We wish 
to consider some properties of the sets X^ which may or may not hold for G. 

^ 6 - If u & X^ then uG^ = Gfw is contained in the Gq -conjugacy class of u. 
Hence 7 h-> (7i'^)~^(7) is a bijection between the set of Gq- orbits in X^ and the 
set of Gq -conjugacy classes in X^. 

^ 7 . Let'j be a GQ-orbit in X^. Let f be the union of all Gq- orbits in X^ whose 
closure contains 7 . Thus, 7 is an open subset of X^ and ■y is a closed subset of f. 
There exists a variety 71 and a morphism p : 7 —^ 7 i such that the restriction of 
p to ■y is a finite bijective morphism cr : 7 71 and the map of sets p : 7 —>• 7 

is compatible with the actions of Gq . 

^ 8 - There exists a finite set I and a bijection J h->• between the set of subsets 
of I and the set of Gq- orbits in X^ such that for any J C I, the closure 0 /$ j 
in X^ is Moreover, i/k, g are as in iPs then there exists a function 

I Ci such that |$j(Fg)| = - l)|$ 0 (Fg)| for any 

J Cl. 

When p = 1 or p ^ 0 property iPe can be dednced from the theory of Dynkin- 
Kostant; properties ^ 7 , are trivial. In the case where G = GLn{k) (any p) the 
validity of follows from 2.9; properties ^ 7 , are trivial. In the case where G 
is a symplectic gronp (any p) the validity of iPg — ^g follows from 3.14. is false 
for G of type G 2 , p = 3. 

1.3. Let V be a hnite dimensional Q-vector space. Let R C V* = Hom(V, Q) 
be a (rednced) root system, let .R C V be the corresponding set of coroots and 
let W C GL(X^ be the Weyl gronp of R. Let jS /3 be the canonical bijection 
R ^ R. Let n be a set of simple roots for R and let H = {d; a G H}. Let 

0 = {/3 G R;/?-a ^ R Va G H}, 0 = {/3 G R;/3 - d ^ R Va G H}, 



UNIPOTENT ELEMENTS IN SMALL CHARACTERISTIC 


5 


A = {J C n U 0; J linearly independent in V*}. 

For any prime nnmber r let Ar be the set of all J C 11 U 0 snch that J is linearly 
independent in V* and the torsion snbgronp of Xlaen order 

for some /c G N. 

For any J G Ar or J G let Wj be the snbgronp of W generated by the 
reflections with respects to roots in J. For W' = W or Wj let Irr(bF') be the 
set of (isomorphism classes) of irredncible representations of W over Q. For 
E G Irr(bF') let be the smallest integer > 0 snch that E appears with non-zero 
mnltiplicity in the hE-Av symmetric power of V regarded as a bF'-modnle; if this 
mnltiplicity is 1 we say that E is good. If J is as above and E G Irr(IF') is good 
then there is a nniqne E G Irr(W) snch that E appears in Ind^^i? and = bE', 
moreover, E is good. We set E = j^^E. 

Let iSw C Irr(W) be the set of special representations of W (see [LI]). Now 
any E G Sw is good. Following [LI], let be the set of all E G Irr(W) snch 
that E = j^^Ei for some J & A and some Ei G 5wj- (Note that Wj is like W 
with the same V and with R replaced by the root system with J as set of simple 
roots; hence iSwj is dehned.) Now any E G is good. 

For any prime nnmber r let be the set of all E G Irr(W) snch that E = 
j^^Ei for some K & Ar and some Ei G ^5^^. (Note that is like W with 
the same V and with R replaced by the root system with K as set of simple roots; 
hence is dehned.) Now any E G is good. 

We have iS^(W) C 5’'(W). We have 5^(W) = 5’'(W) if r is a good prime for 
W and also in the following cases W of type ^ 2 , 1 ’ = 2; W of type F 4 , r = 3; 
W of type Eq-, W of type E 7 , r = 3; W of type Eg, r = 5. If W is of type G 2 
and r = 3 then iS’'(W) — i5^(W) consists of a single representation of dimension 
1 coming nnder from a Wj of type A 2 . If W is of type F 4 and r = 2 then 
S^{'W) — iS^(W) consists of fonr representations of dimensions 9/4/4/2 coming 
nnder from a Wj of type CsAijCgAijB^jB 4 . If W is of type E-j and 
r = 2 then i5^(W) — 5^(W) consists of a single representation of dimensions 84 
coming nnder Jwj ^ Wj of type D^Ai. If W is of type Eg and r = 2 then 
5’'(W) — i5^(W) consists of fonr representations of dimensions 1050/840/168/972 
coming nnder from a Wj of type E-jAx/D^Agj Dgj E-jAx. If W is of type Eg 
and r = 3 then iS^(W) — iS^(W) consists of a single representation of dimensions 
175 coming nnder from a Wj of type EqA 2 . 

1.4. Let W be the Weyl gronp of G. Let n. be a nnipotent element in G. Springer’s 
correspondence (generalized to arbitrary characteristic) associates to u and the 
trivial representation of Zg{u)/Zg{u)^ a representation pu G Irr(W). Moreover 
u ^ Pu dehnes an injective map from the set of nnipotent classes in G to Irr(W). 
Let d:’P(W) be the image of this map [p as in 0.1). We state: 

(a) Ifp=l we have A’i(W) = ^^(W). (See [LI]). 

(b) Ifp>l we have A’p(W) = Gp(W). 

The proof of (b) follows from the explicit description of the Springer correspon- 
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dence for small p given in [LS], [S2]. 


2. General linear groups 


2.1. Let C be the category whose objects are Z-graded k-vector spaces V = 
®aezVa snch that dirnG < cx); the morphisms are linear maps respecting the grad¬ 
ing. Let C. For j e Z let Endj(G) =_{T e Hom(G, V);T{Va) C Va+j Va}. 

Let End 2 (G) be the set of all u G End 2 (E) that satisfy the Lefschetz condition: 

: V-n —Vn is an isomorphism for any n > 0. Let u G End 2 (E). Dehne a 
graded snbspace of V hj = {x e 14; = 0} for a <Q, P^ = 0 

for a > 0 . A standard argnment shows that A^(“-c )/2 . pv —jg injective if 
c G a -|- 2Z, c < a < —c and we have 


-c-T C 


14, [Zc) e->• 


c6a+2Z;c<a< —c 


^(a-c)/2 


(a) ©cea+2Z;c<a<- 

We show: 

(b) Let j G N, i? G Endj_|_ 2 (E). Then R = Ti> — izT for some T G EndjCF). 
Let c < 0. Since ^ : Vj-c —Vj-|-c +2 is snrjective, the indnced map 

Hom(PLc, Vj-c) Hom(PLc, Ej+c+ 2 ) 
is snrjective. Hence there exists p G Hom(PLc, Vj-c) snch that 

--E^+^'=-c^*^^*'• 

For k G [0, -c] we dehne Tc,k e Hom(P^'', 14+2A:+j) by pp = Tc and_Tc,A; = nTc,k-i + 
for k G [1, —c]. Then izTc^-c + Ri'~^ = 0. Let T : V ^ V he the nniqne 
linear map snch that T{u^x) ~ Tc,k{x) for x G Pf,c < 0, /c G [0, —c]. This T has 
the reqnired property. 


2 .2. Let C be the category whose objects are k-vector spaces of hnite dimension; 
morphisms are linear maps. Let V E C. A collection of snbspaces 14 = (L>a)a 6 Z 
of V is said to be a filtration of V if V>a+i C b>a for all a, V>a = 0 for some a, 
V>a = V for some a. We say that V is filtered if a hltration 14 of V is given. Assnme 
that this is the case. We set grl4 = ©aezg^aW G C where gr^lA = L>a/b>a+i- 
For any j E Z let E>jV^ = {T E End(E); T(l/>a) C V>a+j Va}. Any snch T 
indnces a linear map T E Endj(grl4)- 

2.3. Let V E C. Let Nil(E) = {T G End(E); T nilpotent }. Let N E Nil(E). 
When p = 1, the Dynkin-Kostant theory associates to 1 + a canonical hltration 
VY of E; in terms of a basis of V of the form 

(a) {N^Vr] r E [1, t], /c G [0, 6 ^ — 1]} with Vr E V, Cr > 1, N^'^Vr = 0 for r G [1, t], 

Vy^ is the snbspace spanned by {N^vp, r E [1, t], /c G [0, e^. — 1], 2/c + 1 > + a}. 

This snbspace makes sense for any p and we denote it in general by V^y it is 
independent of the choice of basis: we have 

r>" = iV^ker 

The snbspaces Vy^ form a hltration Vf^ of V ; thns, V becomes a hltered vector 
space. From the dehnitions we see that 

(b) N E E> 2 Vf^ and N E End 2 (grEE) belongs to End 2 (grEE)- 
Note that for any j > 1, 
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(c) dimP/lj is the number of Jordan blocks of size j of N : V V. 

From 2.1(a) we deduce that for any n > 0: 

(d) dimP^^ = dimgr_nK^ ~ dimgr_n- 2 K'^- 

2.4. According to [D2, 1.6.1], 

(a) ifV^ is a filtration ofV and N G E> 2 V* induces an element v G End 2 (grl 4 ) 
then lA = . 

We show that V>a = for all a. Let e be the smallest integer > 0 such that 
= 0. We argue by induction on e. If a > e then : gr_al4 —^ g^aW is 
both 0 and an isomorphism hence V>-a — V>i-a and V>a = b>a+i. Thus, V>e = 
V>e +1 = • • • = 0 and E>i_e = V>_e = ■ ■ ■ = E. Similarly, = Vg+i = ''' = 0 
and = Vy_^ = ■ ■ ■ = V. Hence V>a = V>a if « > e or if a < 1 — e. This 

already suffices in the case where e < 1. Thus we may assume that e > 2. Now 
^e-i . gre-iW is an isomorphism that is, : VjV^i-e b>e-i is 

an isomorphism. We see that V>e_i = N^~^V and V> 2 -e = ker(A^®“^). Hence if 
2 — e<a<e — Iwe have N^~^V C V>a C ker(A^'^“^); let be the image of V>a 
under the obvious map p : ker(A^®“^) — V' := /N^~^V. For a < 1 — e 

we set = V and for a > e we set = 0 . Now {Vf^)aez is a hltration of V 
satisfying a property like (a) (with N replaced by the map N' :V' ^ V induced 
by A^). Since = 0, the induction hypothesis applies to it shows that 

for all a. Since for 2 — e < a < e — 1, V>a = P~^iy>a)-i ii' follows that 

V>a = P~^{y>a)'^ similarly, hence V>a = V^a- This completes 

the proof. 

With notation in the proof above we have: 

= 0 for a > e, 

H for a < 1 - e, 

y'>a = Piy>a) for e > 2 and 2 - e < a < e - 1 , 

= iVe-W jf g > ;L, 

Vg_e = ker(Ar®-i) if e > 1 . 

We have gTaVf^ = 0 for a > e and for a < —e. 

Note also that the proof above provides an alternative (inductive) dehnition of 
Vy^ which does not use a choice of basis. 

2.5. Let V, N be as in 2.3. Let 14 = 14^. Let u = N E End 2 (grl 4 )- We can hnd 
a grading V — ©a6zl4 of V such that 

(a) NVa C 14+2 and !/>« = 14 © 14+i © • ■ ■ for all a. 

For example, in terms of a basis of V as in 2.3(a), we can take 14 to be the subspace 
spanned by r G [1, t], /c G [0, — 1], 2/c + 1 = + a}. Taking direct sum of 

the obvious isomorphisms 14 —^ gral 4 we obtain an isomorphism of graded vector 
spaces V ^4 grl4 under which N corresponds to u. It follows that 

(b) N G End 2 (E) (dehned in terms of the grading ©al4)- 
We note the following result. 
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(c) Let n > 0 and let x G -P^^. There exists a representative x of x in V>-n 

such that = 0 . 

Let Va be as above. There is a unique representative i: of a: in V>_n such that 
X G V-n- We have N^~^^x G W and the image of N^~^^x under the canonical 
isomorphism Vn —is 0 ; hence = 0 . 

Let = {S e E>iV,-SN = NS}, End^(grV;) = {a G Endi(grV;), crz/ = 

ua}. We show: 

(d) The obvious map End 5 '(grKi=), S ^ S is surjective. 

Let a G End^ (grl4). Let Va be as above. In terms of these 14 we dehne V TV. grV^ 
as above. Under this isomorphism, a corresponds to a linear map S : V —^ V. 
Clearly, S G Ey^fV^ and S = a. 

2.6. Let U, N be as in 2.3. Let 14 = 14^. Now 1 + E'>il4 is a subgroup of GL{V) 
acting on + E>^V^ by conjugation. We show that 

(a) the conjugation action of 1 + E>iV^ on N + is transitive. 

We must show: if S' G Ey^V^ then there exists T G EyfV^ such that (1 + T)N = 
{N + S)(l + T) that is, TN — NT = S + ST. We £x subspaces 14 as in 2.5. We 
have S = X]j >3 where Sj G End(U) satisfy Sjl4 C 14+j for all a. We seek a 
linear map T = X]j>i where Tj G End(U) satisfy Tjl4 C 14+j for all a and 
'^j>iiTjN — NTj) = X]j >3 P that is, 

(*) TjN - NTj = Sj+2 + Ej'e[iy-i] E+2-i'^j' for J = 1 , 2 ,.... 

We show that this system of equations in Tj has a solution. We take Ti = 0. 
Assume that Tj has been found for j < jo for some jo > 2 so that (*) holds for 
j < jo- We set R = Sj ^+2 + Ej' 6 [i,jo-i] Then R{Va) C V'a+jo +2 for 

any a. The equation Tj^N — NTj^ = R can be solved by 2.1(b) (see 2.5(b)). This 
shows by induction that the system (*) has a solution, (a) is proved. 

We now show: 

(h) zfN eN + P >3 w then Uf = K. 

Indeed by (a) we can End n G 1 + i?>il4 such that N — uNu~^. Since is 
canonically attached to N, we have — u{Vy^) = Vy^ and (b) follows. For 

example, 

(c) if N — ciN + C 2 N‘^ + -h CfcA^^ where q G k, ci 7^ 0 then . 

We may assume that ci = 1. Since C 2 N‘^ + ■ ■ ■ + CkN^ G Ey^V^ C Ey^V^, (b) is 
applicable and (c) follows. 

2.7. Let V, N be as in 2.3. Let 14 = Vj^. Let 1 / = N & End 2 (grl 4 ). Let r > 2 
be such that N'^ = 0 on U. Let lU be an Wstable subspace of V such that there 
exists an iV-stable complement of lU in U, : lU —> W has no Jordan block 
of size 7 ^ r, r — 1 and N'"~‘^ = 0 on V/W. Then lU* = lU^ is dehned. Define 
a linear map fi : grl4 —grlU* as follows. Let x G gral4. We have uniquely 
^ = Ecea+ 2 Z;c<a<-c^^““''^^^^c where Xc G P4; we set 
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Let X be the set of A^-stable complements of W in V. Then T 7 ^ 0. For Z G X 
dehne 11^ : V W hy liziw + z) = w where w & z & Z. Let liz '■ > 

grbF* be the map induced by 11^. We show that 

(a) n^(V>a) C W>a for all a and tlz = H- 

We have V>a = W>a © Z>a- If t G V>a,ic — w + z,w E W>aT z G Z>aj then 
nz(T) = w. Thus Ilz(V>a) C bF>a- We can hnd direct sum decompositions 
W = ®mWm, z = ®rnZm such that NWm C Wm+ 2 , NZm C Zm +2 and : 
W-m ^ Wm, : Z-^ ©b for m > 0 (see 2.5). Let Va = Wa ® Z^. 
Dehne Z^™ as in 2.1 in terms of N. We have I/p’''™ = IFP’''™ © 

^prim_ must show that Iiz{x) = iJi{x) for x G gr^W- It sufhces to show: 
if w G Wa,z G Za and w + z = I]cea+ 2 Z;c<a<-c where Xc G f/P™ 

then w = Ec€a+2Z;c<a<-c,i-r<c<2-r We have x^ ^ X z^ where 

Wc G IFP"™, Zc G ZP"™ and w = Z]c 6 a+ 2 Z;c<a<-c Now if WP"™ 7 ^ 0 

then l-r<c<2-r. Hence w = Ec 6 a+ 2 Z;c<a<-c,i-r<c< 2 -r 

Also, Zf^^ = .^ 2 ”™ = 0 since N : Z —^ Z has no Jordan blocks of size > r — 1. 
Thus if c G a + 2Z; c < a < —c, 1 — r<c<2 — r then Zc — 0 and Xc = Wc- Thus 
^ = Ec€a+ 2 Z;c<a<-c,i-r<c< 2 -r^^““''^^^^c, as required. 

Let Z, Z' G X. By the previous argument, H^, H^/ : V —> W both map !/>„ into 
IF>a and induce the same map grI4 —grIF*. It follows that Uz — Uz' : V ^ W 
maps V>a into IF>a+i. In other words, 

(b) if X E V>a o,nd x — w + z — w' + z' where w,w' E W, z E Z, z' E Z', then 
w -w' E IF>a+i. 

Dehne $ G GL{V) by $(a:) = x for x E IF, $(a:) = x' for x E Z where x' E Z' is 
given by a: — x' G IF. We show: 

(c) (1 - $)F>a C V>a+i for any a. 

Let X E V>a- We have x — w + z — w' + z’ where w^w' eW^z E Z, z' E Z'. We 
have $(a:) = w + z' hence (1 — $)(a:) = {w X z) — {w + z') — z — z' = w' — w and 
this belongs to W>a^i by (b). 

We show: 

(d) $iV = iV$. 

Indeed, for x ~ Xi Xx 2 , Xi E W, X 2 E Z we have Nx — + A^a :2 with Nxi E IF, 

Nx 2 E Z and 0 : 2 — 0:2 G IF with a :2 G Z'. We have Nx 2 — NX 2 E IF with A^a :2 G Z, 
Nx 2 E Z'. Hence $(A^a:) = Nx\ + Nx '2 = N{x\ X x' 2 ) = iV$(a:), as required. 

2.8. Let F, N be as in 2.3. Let r > 1 be such that N'^ = 0. A subspace IF of F 
is said to be r-special if A^IF C IF, N : W ^ W has no Jordan blocks of size 7 ^ r 
and = 0 on N/W. We show: 

(a) If IF, IF' are r-special subspaces then there exists a subspace X of V such 
that M c W, IF © W = F, IF' © W = F. 

We argue by induction on r. If r = 1 the result is obvious; we have IF = IF' = F. 
Assume that r > 2. Let F' = kerA^’'“^,F" = kerA^’'“^. Let E C W, E' C IF' 
be such that IF = i? © NE © ... N'^~^E, IF' = E' @ NE' © ... N'^~^E'. Clearly, 
E n F' = 0, E' n F' = 0, iVE c F', ne n F" = o, ne' c f', ne' n F" = o. 
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Let E" be a subspace of V such that E" is a complement of © V" in V' 
and a complement of NE’ © V" in V'. (Such E" exists since dim(A^i? © V") = 
dim{NE' © V') = dimi? + divaV" = dim if' + dim]/".) Then 
Wi = (E" © NE) + N(E" © NE) + ■ ■ ■ + N^-'^{E" © NE), 

Wl = (E" © NE') + N{E" © NE') + ■ ■ ■ + N^-'^{E" © NE') 
are (r — l)-special subspaces of V'. By the induction hypothesis we can hnd 
an A^-stable subspace Xi of V' such that Vi © Xi — V'^Vl © Xi == V'. Then 
X = {E" + N{E") + ■ ■ ■ + N'^~‘^{E")) + Xi has the required properties. 

(b) //IT, IT' are r-special subspaces then there exists g E 1 + E>iV^ such that 
g(W) = IT', gN = Ng. 

Let X be as in (a). Dehne g G GLiV) by g{x) = x for x E X and g{w) = w' for 
w E W where w' E IT' is given hj w — w' E X. Then g{W) = IT', {g — 1)X = 0 
and {g — 1)IT C X. Clearly, gN = Ng. We have V>a = IT>a © X>a- It 
suffices to show that {g — l)(IT>a) C X>a+i- Now X — X> 2 -r- We have IT = 
IT>i_^, W> 2 -r = IT> 3 _^ = iVII/ IT> 4 -r = IT> 5 _^ = N^W, ~.. Now if a < 1 - r 
then {g — l)IT>a — {g — 1)W C X = X>a+\- Ifa = 2 — rora = 3 — r then 
{g-l)W>a = {g-l)NW = N{g-l)W C NX = NX> 2 -r C W> 4 _. C W>„+i. 
Ifa = 4 — rora = 5 — r then 

(g - 1)IT>„ ^{g- 1)N^W = N\g - 1)IT C N^X = N^X> 2 -r C W>6_, C 
W>a+1. 

Continuing in this way, the result follows. 

2.9. Let V eC. Let G = GLiV). For any hltration T* of V let 

e(W) = {N E Nil(T); = w} = {N E E> 2 V,-N E End^(grT*)} 

(see 2.3(b), 2.4(a)). The following three conditions are equivalent: 

(i) av.) + 0 ; 

(ii) End§(grV) i= 0; 

(hi) dimgr^T* = dirngr-^T* > dimgr_„_ 2 T* for all n > 0. 

We have (i) (ii) by the dehnition of ^(T*); we have (ii) (iii) by 2.3(d). The 
fact that (iii) (ii) is easily checked. If (ii) holds we pick for any a a subspace 
Va of T>a complementary to T>a+i and an element in End 2 (T) (dehned in terms 
of the grading ©aW). This element is in ^(T) and (i) holds. 

Let bs Ihe set of all hltrations T* of V that satisfy (i)-(iii). From the 
dehnitions we have a bijection 
(a) ^ -Dg, T* h- 

{Dg as in 1.1) where A= {Gq D Gf D Gf © ...) is dehned in terms of T* by 
G^ = E>oV, n G and G^ = 1 + E>^V, for n > 1. 

The sets ^(T*) (with T* G 5^y) form a partition of Nil(T). (If N E Nil(T) we 
have N E ^(T) where T* = T/^). 

Let T* G Let II = E>oV^ fl G. We show that ^(T) is a single Il-conjugacy 
class. Let N^N' E ^(T). Since = V^' we see from 2.3(d) that dimP^^^- = 
dimP^_j for any j > 0. Using 2.3(c) we see that for any j > 0, N,N' have 
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the same number of Jordan blocks of size j. Hence there exists g & G such that 
N' = gNg~^. For any a, gV^^ = = Vy^ hence gV>a = b>a- We see that 

g G i?>o hence G H, as required. Taking in the previous argument N' = 
we see that, if G ^(14) and g & G satishes = N then G H. Now any 

element in i?> 2 l 4 —^(14) is in the closure of ^(14) (since i?> 2 l 4 is irreducible and 
^(14) is open in it (and non-empty) hence it is in the closure of the G-conjugacy 
class containing ^(14). We show that it is not contained in that G-conjugacy class. 
(Assume that it is. Then we can hnd N G ^(14) and N' G E> 2 V* — ^(W) that 
are G-conjugate. Then the H-orbit n(A^) of N in i?>2l4 is ^(14) hence is dense 
in E> 2 V* while the H-orbit n(A^') of N' is contained in the proper closed subset 
G>2l4 —^(14) of i?>2l4; hence dimn(A^) = dim(i?>2l4) > dimn(A^'). It follows 
that a < a' where a (resp. a') is the dimension of the centralizer of N (resp. N') 
in H. Let a (resp. a') be the dimension of the centralizer of N (resp. N') in 
G. By an earlier argument we have a — a. Obviously, a' < a'. Since N, N' are 
G-conjugate, we have a = a'. Thus, d = a < a' < d' = d, contradiction.) We see 
that 1 J- ^(H*) = where 14 as in (a) and is as in 1.1. Thus iPi holds 
for G. From this “^ 2 , ^3 follow; in ^2 is a single conjugacy class in this case. 
Also, tPs is trivial since Gq acts transitively on X^. Now iPs is easily verihed. fPe 
(hence 1 ^ 4 ) follows from 2.6(a); iPr is trivial in this case. 

3. Symplectic groups 

3.1. In this section, any text marked as 4|b... 4^ applies only in the case p = 2. 

For H, G C let Bil(l/, V') be the space of all bilinear forms H x k. For 

b G Bil(l/', V') dehne h* G Bil(l/', V) by b*{x, y) = b{y, x). We write Bil(l/) instead 
of Bil(l/, V). Let Symp(l/) be the set of non-degenerate symplectic forms on V. 

Let V G C. We say that (, )o G Symp(l/) is admissible if {x,y)Q = 0 for 
X G 14 , y ^ Va', CL + Cl' 0. Assume that (, )o G Symp(i/) is admissible and that 
u G End 2 (H) is skew-adjoint thai is, {u{x),y)o + {x,u{y))o = 0 for x, y G V. For 
n > 0 we dehne a bilinear form bn : P-n x P-n k by bn{x,y) = (x, p^y)o. We 
show: 

(a) bn{x,y) = {-lY+^bn{y:X) for x,y e P'^n- 
Indeed, 

bn{x, y) = {x, u^y)Q = {-l)^{u^x, y)o = {-l)^+^{y, u^x)o = (-l)'"+^6n(2/, x), 

as required. We show: 

(b) bn is non-degenerate. 

Let y G be such that (x, i''^y)o = 0 for all x G If x' G P!^n-2k^ /c > 0, we 
have {n’^x',n^y)Q = ±{x, i'^+’^y)o = ±(a:, 0)o = 0. Since V-n = 'Ek>o^'"P-n- 2 k^ 
we see that {x, i'^y)o = 0 for all x G V-n- Since {Vm, k'^y)o = 0 for m 7^ —n we 
see that (H, i''^y)o = 0. By the non-degeneracy of (, )o, it follows that n'^y = 0. 
Since : V-n ^ W, h follows that y = 0, as required. We show: 

(c) if n > 0 is even then bn is a symplectic form. Hence dimPL^ is even. 

Indeed, for x G PL^ we have (x, i>'^x)q — = 0. 
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3.2. Let V G C and let (,) G Symp(l/). Let 
‘5'p((,)) = {T e GL(V);T preserves {,)}. 

For any snbspace VF of F we set VF"*" = {x E V; (x, W) = 0}. A filtration 14 of V 
is said to be self-dual if (VAa)"*" = b>i-a for any a. It follows that 

(a) (V>a, V>a') = 0 if a + a' > 1 . 

It also follows that there is a nniqne admissible (,)o ^ Symp(grl4) snch that for 
X E gral4, y G gr-al4 we have (x, y)o — {x, y) where x E V>a, y E V>-a represent 
x,y. Moreover, 

(b) there exists a direct sum decomposition ©a6zl4 of V such that V>a = 
14 © 14+1 © • • ■ for all a and ( 14 , 14 ') =0 for all a, a' such that a + a' 4 0- 

Let AI(^) be the set of G Nil(y) snch that {Nx, y) + {x, Ny) + {Nx, Ny) = 0 
for all x, y or eqnivalently 1 + G 5'p((, )). Dehne an involntion N i— > A^l of M.(^} 
by (x, Ny) = (A^lx, y) for all x,y E V or eqnivalently by A^l = (1 + A^)“^ — 1 = 

-A^ + A ^2 _ ^3 ^ _ 

Let N E We set 14 = 14^- By 2.6(c) we have 14^^ = 14- We show: 

(c) the filtration 14 is self-dual. 

We argne by indnction on e as in 2.4. If a > e then V>a = 0, V>i-a = V and 
(c) holds. If a < 1 — e then !/>„ = F, F>i_a = 0 and (c) holds. If e < 1 this 
already snfhces. Hence we may assnme that e > 2 and 2 — e<a<e — 1 hence 

2 - e < 1 - a < e - 1. Let F' = ker(A^^-i)/Im(A^®-i). Let p : ker{N<^-^) V' 

be the canonical map. We have N^~^V = ker((A^l)'^“^)-*- = ker(A^®“^)-*- since 
(Art)e“i _ fjgj^ce (,) indnces (,)' E Symp(F')- Also N indnces a linear 

map N' :V' ^ V snch that N' E By the indnction hypothesis, is 

the perpendicnlar in V' of F'>„. Hence F>a = P~^(y’>a) perpendicnlar in 

F of F>i_a = p~^{y'yi_^). This completes the proof. 

Let n E End 2 (grFi=) be the endomorphism indnced by N . We show that 

(d) n is skew-adjoint (with respect to (, )o on grVj^). 

It snfhces to show that, if a + a' + 2 = 0 and x E V>aE y ^ k>a then {Nx,y) + 
{x,Ny) = 0. It snfhces to show that {Nx,Ny) = 0. From (a),(b) we see that 

{V>-i-a, Ny) = 0 hence it snfhces to show that Nx E F>_i_a. We have Nx E 

F>a '+2 C F>_i_a since a' + 2 > —1 — a. This proves (c). 

3.3. 4k In this snbsection we assnme that p = 2. Let F, (,), N, z/, (, )o be as in 3.2. 

Let F* = F/^. Then bn E Bil(PL^) is dehned for n > 0, see 3.1. Let C be the 
set of all even integers n > 2 snch that bn-i,bn+i are symplectic forms. Let C 
be the set of all even integers n >2 snch that bn-i, bn+i, bn+s, ■ ■ ■ are symplectic 
forms or eqnivalently, if {z, = 0 for all z G gri-^F*. (Assnme hrst that 

6 ^- 1 , ^n+i, ^>n+ 3 , ■ ■ ■ are symplectic forms. By 2.1(a), any 2 ; G gri_^F* is of the 
form J2k>o where zu E Pf_n- 2 k- Bor k > 0 we have {n^Zk, n^~^{n’^Zk))o = 0 
since bn+ 2 k-i is symplectic. Since z' h->• {zj u'^~^{z'))o is additive in z' it follows 
that {z,u^~^{z))o = 0. Conversely, assnme that {z,u'^~^{z))q = 0 for any 2 ; G 
gri^nV*- In particnlar, for /c > 0 and Zk E Pf_n- 2 k have {n^Zk, k'^~^{k'^Zk))o — 
0 that is, {zk^ u‘^~^~^'^^Zk))o = 0. We see that b n+ 2 k-i is symplectic.) 
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Clearly, CJ C £. 

For n & we define qn : > k by qn{x) — {x, N'^~^x) where x G V>_n 

is a representative for x G snch that N^~^^x = 0 (see 2.5(c)). We show 
that qnix) is well dehned. It snfhces to show that if y G V>i-n, = 0 

then (x + y, N^~^(x + y)) = (x, N^~^x) that is, (y, N'^~^{y)) + (i, N'^~^{y)) + 

fe,ivP(4) = 0. Since iV"+‘(i) = 0, we have 

(i. iV"-'(j,)> + (y. iV"-'(i)) = (y, (iV"-' + (Aft)’*-‘)(i)> = (y. ]V"(i)). 

This is zero, since y G V>i_n, iV'^(T) G V>n and 1 — n + n = 1. It remains to 
show that {y,N^~^{y)) = 0. It snfhces to show that ( 2 :, z/"'“^(z))o = 0 for all 
2 G gri_^W snch that — 0. By 2.1(a) any snch 2 is of the form zq + fZi 

where zq G Pi-m G P-i-n- Now z' h->• ( 2 ', u‘^~^{z'))o is additive in z' hence it 
snfhces to show that {zq, i^'^~^{zo))q = 0 and {u{zi), u'^~^{u{zi)))o = 0 for 20,^1 
as above. This follows from onr assnmption that bn-i and bn+i are symplectic. 

We show: 

(a) For x,y e PH^ we have q^{x + y) = q^(x) + q^iy) + bn{x,y). 

Let T, y G V>-n be representatives for x, y snch that N^^^x = 0, N'^^^y = 0. We 
mnst show that 

{x + y, N'^~^{x + y)) = (i, N'^~^{x)) + (y, A^"'“^(y)) + (i, N'^{y)), 
or that 

(i, N^-\y)) + {y, N^-Hx)) + (i, N^{y)) = 0, 
or that (i, ((A^'f')"'“^ + N'^~^ + N'^)y) = 0. Since n is even, +N'^~^ +N'^ is 

a linear combination of ... and it remains to nse that N^~^^{y) = 0. 

For n G we dehne Qn : gr_nW —^ k by Qn{x) — {x, N'^~^x) where x G 
V>-n is a representative for x. We show that Qn{x) is well dehned. It snfhces 
to show that if y G V>i-n then {x + y,N'^~^{x + y)) = {x^ N'^~^x) that is, 
(y, N^~^{y)) + (i, N'^~^{y)) + (y, N^~^{x)) = 0. We have 

{x, N^-\y)) + (y, N^-\x)) = (y, (iV^-i + (iVt)n-i)(^)^ 

and this is a linear combination of terms (y, N'^ [x)) with n' > n. Each of these 
terms is 0 since y G E>i_n, (i:) G V>2n'-n and 1 — n + 2n' — n > 1 . It remains 
to show that {y, N'^~^{y)) = 0. This follows from the fact that {z,u^~^{z))q = 0 
for all 2 G gri_^W- 

For n & C' we show: 

(b) ifx,ye gr-nV^ then Qn{x + y) = Qnix) + Qniy) + {x,iy^y). 

Let x,y E V>-n be representatives for x, y. We mnst show that 

{x + y, N'^~^ix + y)) = (i, N'^~^ix)) + (y, N'^~^iy)) + (i, N^iy)), 
or that 

{x,N^-^iy)) + (y, m-^ix)) + (x.N^iy)) = 0, 

or that {x, + N‘^~^ + N^)y) is 0. Since n is even, this is a linear 

combination of terms (x^N"^ (y)) with n' > n. Each of these terms is 0 since 
N'^'iy) G V>2n’-n,x G V>-n and 2n' -n-n>l. 

Now let n E C and let x E gr-^W- We can write x = where 

Xk E P'^n-2k- show that 
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(c) Qn{x) = J2k>o(ln+2k{Xk). 

Let Xk be a representative of Xk in V>-n- 2 k snch that = 0. Then 

X]fc>o ^^Xk is a representative of x in V>_n and we mnst show: 

N'^'xk') = 

fc>0 A:'>0 fc>0 

The left hand side is Yl,k k'>o(^^^k, Xk')■ K k > k' + 2 we have 

{N’^Xk,N^-^+’^'xk') = {xk,{N^)'^N^-^+'^'xk') 
and this is zero since '^^Xk' =0. li k' > k + 2 we have 

{N’^Xk:N^~^+’^'xk') = N’^Xk^Xk') 

and this is zero since = 0. It snfhces to show that 

J2i{N’^Xk, N^-^+'^Xk) + {N’^+^Xk+u N^-^+’^Xk) + {N'^Xk, N^+’^Xk+i)) 

k>0 

= J2{^k,N^+^’^-^Xk). 

k>0 

We have 


{N^+^Xk+i,N^-^+^Xk) + N^+^Xk+i) 

= {N’^+^Xk+i, (Ar--^+^ + {N^r-^N^)xk) 

= {N'^+Hk+i, (ciiV-+^ + c2iV-+^+i + ... )xk) 

= Ci{i'^+^Xk+i, u'^^’"xk)o = Ci(a:fc+ 1 , z/"+^^+^a:fc)o = 0. 

(Here ci, C 2 , ■ ■ ■ G k.) It snfhces to show that {N^Xk, N'^~^~^^Xk) + {xk, N'^~^‘^^~^Xk) 
is 0. This eqnals 

(xfc, (Ar-+2^-i + {N^)'^N^-^+’^)xk) - (ifc, (Ar-+2^ + c[N^+^’^+^ + ... )xk) 

- {xk, jy^+^’^xkh = W'^+^/^Xk, iy'^+^/^Xk)o = 0 . 

(Here c'^^, C 2 , • ■ ■ G k.) This completes the proof of (c). 

We say that {qn)nec are the quadratic forms attached to {N, (,)). We say that 
(Qn) nec are the Quadratic forms attached to {N, (,)). 4k 

3.4. Let H G C and let 14 be a hltration of V. We £x (, )o G Symp(grI4) which 
is admissible and u G End 2 (grI 4 ) which is skew-adjoint with respect to (,)o (see 
3.1). Then are dehned in terms of grI4, k' and bn G Bil(PL^) are dehned as 
in 3.1 for any n > 0. Let V = 1 -|- P>iI4, a snbgronp of GLfV). 

4k If p = 2, let n be the smallest even integer > 2 snch that 6n-i, ^n+i? ^n- 1 - 3 , ■ ■ • 
are symplectic or, eqnivalently, snch that {z, u^~^{z))o = 0 for all 2 G gri_nI4- Let 
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Q : gr_nl4 ^ k be a quadratic form such that Q{x + y) = Q{x) +Q{y) + {x, v^y) 
for all e gr-nK- 

Let Z be the set of all pairs {N,{,)) where N G Nil(l/), (,) e Symp(l/) are 
such that = 14, {Nx, y) + {x, Ny) + {Nx, Ny) = 0 for x, y G induces z/ 

on grl4, (,) induces (, )o on grl4; in the case p = 2 we require in addition that 
Qn dehned in terms of {N, (,)) as in 3.3 is equal to Q. 4^ 

The proofs of Propositions 3.5, 3.6, 3.7 below are intertwined (see 3.11). 

Proposition 3.5. In the setup of 3-4 let (,) G Symp(P) be such that 14 is self-dual 
with respect to (,) and (,) induces (, )o on grl4. Let Y = Yq = [N] (N, (,)) G Z}. 
Let U'= V n Sp{{j)), a subgroup of Sp{{,)). Then 

(a) 

(b) if N eY and z E U' then zNz ^ eY (thus U' acts an Y by conjugation); 

(c) the action (b) of U' on Y is transitive. 

The proof of (a) is given in 3.8. Now (b) follows immediately from 3.7(a). 

We show that (c) is a consequence of 3.7(c). Assume that 3.7(c) holds. Let 
N' E Y. We have (A^, (,)) G Z, {Nj {,)) E Z and by 3.7(c) there exists g eV 
such that N' = {g~^x^g~^y) ~ {x,y) for x,y eV. Then g E U' and (c) is 

proved (assuming 3.7(c)). 

Proposition 3.6. In the setup of 3.4 let N E Nil(l/) be such that — 14 and 
N induces v on grl4- Let X = = {(?); (-^^ (?)) ^ Let Lf = Lf^ = {T E 

V;TN = NT}, a subgroup ofGL{V). Then: 

(a) X ^ 0; 

(b) if {,) E X and u E U then the symplectic form (,)' on V given by {x, y)' — 
{u~^x,u~^y) belongs to X (thus U acts naturally an X); 

(c) the action (b) of Lf on X is transitive. 

We show that (a) is a consequence of 3.7(a). By 3.7(a) there exists {Nj (,)') G 
Z. By 2.6(a) there exists g eV such that N = gN'g~^. Dehne (,) G Symp(l/) by 
(,) = {g~^x, g~^y)'. From 3.7(a) we see that {N, {,)) E Z hence (,) G X^. Thus 
Atv 7 ^ 0, as required. 

Now (b) follows immediately from 3.7(b). The proof of (c) is given in 3.9, 3.10. 

Proposition 3.7. In the setup of 3.4, 

(a) Z ^ 0; 

(b) if {N, {,)) E Z, g E V and {N', (,)') is defined by N' = gNg-^, {x^y)' = 
{g~^x,g~^y) then {N', (,)') G Z (thus V acts naturally on Z); 

(c) the action (b) ofV on Z is transitive. 

Clearly, (a) is a consequence of 3.5(a). 

We prove (b). We have = gV^^ = = V>a- Next we must show 

that {gNg~^x,y)' {x, gN g~^yy {gNg~^x, gNg~^y)' = 0 for x,y eV that is, 

{Ng~^x, g~^y) + {g~^x, Ng~^y) + {Ng~^x, Ng~^y) = 0 for x, y G V. This follows 
from {Nx', y') + {x', Ny') + {Nx', Ny') = 0 for x', y' E V. Next we must show 
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that gNg induce the same map grV^ —> grV^. (We must show: if a: G V>a 
then gNg~^{x) - Nx e V>a+ 3 ', this follows from G V.) Next we must show that 
for X G V>-a,y G V>a we have {x,y)' — {x,y) that is {g~^x, g~^y) = {x,y). Set 
g~^ = H-S” where S G E>iV^. We must show that {Sx,y) + {x, Sy) + {Sx, Sy) = 0. 
But Sx G V>i_a, y G V>a implies {Sx^ y) = 0. Similarly (x, Sy) = 0, {Sx^ Sy) = 0. 

In the case where p = 2 we see that the number n dehned in terms of A^, (,) is 
the same as that dehned in terms of N', (,)' and we must check that for x G V>_n 
we have {x, {gNg~^)^~^x)' = {x, N^~^x) that is, {g~^x, N^~^g~^x) = {x, N^~^x) 
that is, {Sx, N^-^x) + {x, N^-^Sx) + {Sx, N^-^Sx) = 0. We have {Sx, N^-^x) + 
{x,N^-^Sx) - (x, is a linear combination of terms 

{x,N'^ Sx) where n' > n; each of these terms is zero since x G V>-n, Sx G 
k> 2 n'-n+i and —n + 2n' — n + 1 > 1. Next we have {Sx, N^~^Sx) = 0 since 
{y, N^~^y) = 0 for all y G V>i-n by the dehnition of n. 

This completes the proof of (b). 

We show that (c) is a consequence of 3.6(c). Let {N, {,)) G Z, {N', {,)') G Z. 
By 2.6(a), since and N,N' induce the same f, we can hud S G 

E>iV^ such that i? = 1 + S' satishes N'R = RN. Dehne (,)" G Symp(l/) by 
{x,y)" = {Rx, Ry)'. From (b) we see that {R~^N'R, {,)”) G Z that is {N, {,)") G 
Z. Thus (,) G Xn,{,)" G Xn- By 3.6(c) we can hud S' G i?>iI 4 such that 
R' = 1 + S' satishes R'N = NR' and {x,y) = {R'x, R'y)" for all x,y that is, 
{x,y) = {RR'x,RR'y)'. Then RR' G U' and RR'N = RNR' = N'RR'. Thus 
under the action (b), RR' carries {N, {,)) to {N', {,)'). This proves (c) (assuming 
3.6(c)). 

3.8. Proof of 3.5(a). We choose a direct sum decomposition ©aezI4 of V 
as in 3.2(b). Dehne N 2 G End 2 (P) by the requirement that N 2 : Va ^ 14+2 
corresponds to u : gr^W —^ gra+ 2 l 4 under the obvious isomorphisms 14 giaW, 

14+2 -^ §10+214- 

If p = 2 we regard Q as a quadratic form on V-n via the obvious isomorphism 
V— n ^ gr _ n 14 . ^ 

We will construct a linear map N = -^ 2 j where N 2 is as above and for 

j > 2, N2j G End(P) satisfy A^2jl4 C Va+2j for all a and 

{^N2jX,y) + {x,^N2jy) + {^N2j'X, ^ N2j"y) = 0 

j>i j>i j'>i j”>i 

for any a, c and any x G Va,y ^ Vc that is, 

(a) {N 2 jX, y) + {x, N 2 jy) + ^ {N 2 j'X, N 2 j"y) = 0 

for any j > 1, any a, c such that a + c + 2j = 0 and any x G 14, y ^ 14- 

If p = 2, we require in addition that {x, N^~^x) = Q{x) for all x G V-n that 
is, Y.i+i'=n- 2 i^^ x) = Q{x) for all X G V-n- 4k 
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We shall determine Nj by induction on j. For j = 1 the equation (a) is just 
{N2X, y) + (x, N2y) = 0 for any a, c such that a + c + 2 = 0 and any x G W, y G W; 
this holds automatically by our choice of N2- For x ^ Va with a < —2 we set 
N4{x) = 0 . Then the equation (a) for j = 2 becomes 

(b) (N^x.y) + {x.N^y) = -{N2X,N2y) for any x G V-2,y e V-2, (^4X,y} == 
-{N2X, N2y) for any a > -2,x eVa,y e V-a-4- 

The second equation in (b) determines uniquely N4{x) for x G Va,a > — 2 . Since 
{N2X, N2y) is a symplectic form on V-2 we can hnd [, ] G Bil(f/_2) such that 
[x,y] — [y,x] = —{N2X,N2y) for any G V-2- There is a unique linear map 

N4 : V-2 —> V2 such that {N^x^y) = [x,y] for any x,y ^ V-2. Then equation (a) 
for J = 2 is satished. 

^ li p = 2 the N4 just determined satishes J2i+i'=n-2(^^ N2N4N2 x) = Q'{x) 
for all X G Wn, for some quadratic form Q' : V_n ^ k not necessarily equal to Q. 
For G V-n we have (by the choice of A^4): 

Q\x + y)-Q'ix)-Q\y)= {x,N^N^N^y)+ {v.N^N^N^x) 

i+j'=n — 2 i+i' =n — 2 

= {N^x,N^N^y)+ {N4N^x,N^y)= {N2N^x, N2N^y) 

i+i' =n — 2 i+i'=n—2 i+i'=n—2 

= {^^^2y) = {^^N2y) = Qi^+ y) - Qi^) - Qiy)- 

i+i'=n —2 

It follows that Q'{x) = Q{x) + 9 {x)‘^ where 9 G Hom(I/_n,k). We try to hnd 
( G End(y) with C(f 4 ) C 14+4 for all a in such a way that (a) (for j = 2 ) remains 
true when N4 is replaced by A^4 + C and Yhi+i'^n- _ 2 {x,N^ 2 {N 4 + C)N^2^) =Q{X) 
for X G V--n- (Then A^4 + will be our new A^4.) Thus we are seeking ^ such that 
{C{x)^ y) + (x, C{y)) = 0 for any a, c with a + c + 4 = 0 and x G 14 , y G W, 

Ei+z'=n-2(^’^2C^^I^) = X G V_n. 

The hrst of these two equations can be satished for (a, c) 7^ (— 2 , — 2 ) by dehning 
({x) = 0 for X G 14, Cl 7^ — 2 . Then in the second equation the terms corresponding 
to T such that 2 T—n 7^ —2 are 0 . Thus it remains to hnd a linear map ( : V-2 —^ 14 
such that 

(C(a;), y) + {X: Ciy)) = 0 for any x,y e V_2, 

{N 2 XJ CN^x) = 9{xY for X G V-n where t = (n — 2)/2. 

Since : V_n —^ V _2 is injective (by the Lefschetz condition), there exists 
9i G Hom(V_ 2 ,k) such that 9i{N\x) = 9{x) for all x G V_n. We see that it 
suffices to hnd Q G Hom(V_ 2 , V 2 ) such that 
{C(a;), y) + {X: Ciy)) = 0 for any x,y e V_ 2 , 

{xC Cx') = 9 iix')‘^ for x' G V_2. 

It also suffices to hnd 60 G Bil(V_ 2 ) such that 60 = and 6 o(t,t) = 6*1 (x)^ for 
X G V_ 2 . Such 60 clearly exists. 

This completes the determination of A^4. 
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Now assume that j > 3 and that A^ 2 j' is already determined for j' < j. For 
X E Va with a < —j we set N 2 j{x) = 0. Then equation (a) for our j determines 
uniquely N 2 j{x) for x E Va with a > —j. Next, we can hnd [, ] G Bil(l/_j) such 
that 

[x,y] - [y,x] = -J2r,j">i-,j'+r'=j{N2rx,N2j-y). 

To see this we observe that the right hand side is a symplectic form that is, 

= 0. There is a unique N 2 j E Hom(l/_j, V^) such 
that {N2jX,y) = [x,y] for any x^y E V-j. Then equation (a) for our j is satished. 
This completes the inductive construction of N. We have = 14 by 2.4(a). We 
see that N eY. This completes the proof. 


3.9. In this subsection we prove 3.6(c) in a special case. Let n E Z>o. We 
have [— n, n] = Iq L\ Ii where = {i E [— n,n];i = e mod 2} for e G {0,1}. 
For i E [— n,n] dehne |i| G {0,1} hj i = |i| mod 2 that is by i G I\i\. Let 
Fq,Fi E C. Let V — (Bie[-n,n]Fi where Fi = F\i\. A typical element of V is 
of the form (a;i)i6[-n,n] where Xi E F\i\. Dehne N : V —F by (xi) i—>• (x') 
where x[ = Xi -2 for i E [2 — n,n], x'_^ = 0,x[_^ — 0. We hx (,)o G Symp(l/) 
such that ((a:4, (i/i))o = 2/-i) where F E Bil(F4(e G 

{0,1} satisfy F* = {—iy~'^F, F is non-degenerate, F E Symp(Fo). Note that 
{Nx, y)o (x, Ny)o = 0 for x, y G V. 

We assume: if p 7 ^ 2 then either Fq = 0 or Fi = 0; 4|b if p = 2, F is symplectic 
and n > 2 , then we are given a quadratic form Q : Fq —> k such that Q{x + y) = 
Q{x) + Q{y) Y F{x, y) for x,y E Fq. ^ 

Let X be the set of all (,) G Symp(l/) such that {Nx, y) + {x, Ny) = 0 

for x,y E V and {x,y) — {x,y)o if there exists i such that Xj = 0 for j 7 ^ i and 
yj = 0 for j F 4|k if p = 2 , 6 ^ is symplectic and n > 2 , we require also that 
(x, Nx) = Q{x- 2 ) if a: G F is such that Xj = 0 for j 7 ^ —2. 4|k 

Setting {[xi)Fyi)) = jFj{xi,yj) identihes X with the set of all families 
ibij)i,je[-n,n] where Fj E Bil(F|i|, Fj^l) are such that 

h- 2 ,j + bij -2 + Fj = 0 if 4 j G [2 - n,n], 

F,-i = (— l) 0 -ld)/ 25 ld for all i e [— n,n], 

Fi e Symp(F|i|) for all i E [-n,n], 

= —bji for all 4 j ^ 

b- 2 ,o{x, x) = Q{x) for a: G Fq if p = 2, Fi = 0 and n is even, > 2. 

(We have automatically 6^7 = 0 if i -|-j > 1.) 

Let A = {T G GL{V)-,TN = NT}, a subgroup of GL{V)-, equivalently A is the 
set of linear maps T : V —F of the form 


(a) T : (xi) ^ (a:'), a:' = Eje[-n,i]G-j 


where E Hom(F 5 , F^) (r G [0, 2n], e, h G {0,1}, r-|-h = e mod 2) are such that 
Tq^,Tq^ are invertible and = 0. Now A acts on A by T : (,) 1 —> (,)' 
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where (Tx^Ty)' = {x,y), or equivalently by T : (bij) h->• (6b) where 


bij{x,y) 





m 


i'e[i,n] ,j'e[j,n] 


Let = {T G A; Tq° = 1, Tq ^ = 1}, a subgroup of A. We show: 

(b) Let k G [1 — n, 0] and let (bij), (bij) be two points of X such that bij = bij 
fori + j > 2k. Then there exists T G A^j such that T{bij) = (6b) and 6b = bij for 
i + j > 2k — 2. 

For e G {0,1} we set = bij for i,j G [—n, n],i + j — —1, i — e mod 2. Then 
are independent of choices; they are 0 unless p = 2. We have For h G 

{2k —2, 2A: —1} we set = (—l)b“'^)/2(5.^. — 5^^.) where i,j G [—n, n],i+j = h,i — e 

mod 2. Then is independent of i,j. We have = 0 unless p = 2. We have 

C2fc-2 = = 4^-1- Since 6fc_i,fc-i - 6^-1,^-! is symplectic, 

*^2A:-2 symplectic where e = k — 1 mod 2. 

Case 1: p 2. Let e G {0,1} be such that -Fi_e = 0. Since c|}._2 = 
(—l)^“‘^C2fc_27 we can hnd c G Bil(Fe) such that clj ^_2 = c + (—l)^“‘^c*. Since 
6*^ is non-degenerate we can hnd r G End(F'£) such that c{x,y) — b'^{x,T{y)) for 
x,y E F^. For i,j G [—n, n],i + j = 2k — 2,i — ^ mod 2 and x,y E we have 

bij{x,y) -bij{x,y) = {-iy^~^^/^{c{x,y) + {-l)^~^c{y, x)) 

= hj+2-2k{x,T{y)) - bjy+2-2k{y,r{x)) = bi,j+2-2k{x,T{y)) +bi+2-2k,j{r{x),y). 


Let T be as in (a) with Tq° = 1 , = 1 , T'|^2A: ~ other components 0 . 

Dehne (6b) by T{bij) = (6b). Then (6b) has the required properties. 

4 Case 2 : p = 2 ,k = 0 . Since 6° is non-degenerate we can hnd E 
Hom(Fi,Fo) such that c^_i{x,y) = b^{x,T'^'^{y)) for all x E FQ,y E Fi. Then 

cfi{x, y) = 6 ®(T°’^(a:), y) for all a: G Fi, y G Fq. Thus, for i E /q, J G /i, i + j = — 1 

and X E Fo,y E Fi we have bij{x,y) + bij{x,y) = bi-i{x,T^'^{y))-, for i E hj E 
Iqj * + J = ~1 and X E Fi,y E Fq we have 

bij{x,y) + bij{x,y) = b-jj{T^’^{x),y). 

Since c°*2 = c^2:b^* = we have 2(2/5 2/) = ^(l/)^ for U ^ -^0, 6^(a:,a:) = 6*1(0:)^ 
for X E Fi where 9 E Hom(Fo,k), 9 i E Hom(Fi,k). If 6^ is not symplectic, we 
have 9 i 7^ 0 . Hence there exists E Hom(Fo,Fi) such that 9 {y) = 9 i{Tl'^{y)) 
for all y E Fq. Then c^_2{y,y) + b\T^^^{y),T^^^{y)) = 0 for all y E Fq. Thus 
c® 2 + 6 ^(t 4 ° is symplectic. This also holds if 6^ is symplectic (in that case 

we have 0^2(2/, 2/) = ^>-2,0(2/, 2/) - ^-2,0(2/, 2/) = Qiv) - Qiv) = 0 for y G Fq) and 
we take = 0 . Now CL2 is also symplectic. 

Since a°* = a^, a^(T 4 ^®l) + a®(l®T 4 °) is symplectic. Similarly a°(Tf’^(8)l)-t- 
(1 (g)Tf ’4 is symplectic. Hence c^_2 + b^ (T^® ® ® 1 ) + a® (1 ® T'l ’4 
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is symplectic and cl _2 + ® 1) + a^(l ® T^’^) is symplectic. Hence we can 

find c° G Bil(Fo),c^ G Bil(Fi) snch that 

c° 2 + 0 ’°) + 0 1)+ a°(l 0 ’“) - c® + c°*, 

0^2 + a°(T°’^ 0 1) + a^(l 0 T°’^) - + c^*. 

Since b^,b^ are non-degenerate we can find G End(Fo), G End(Fi) snch 
that c^{x,y) = 6 °(a:, T®’°(y)) for x,y e Fq, c^{x,y) = b^{x,T 2 ’^{y)) for x,y ^ Fi. 
For x,y E Fq we have 

c^ix.y) + b^{T^’^{x) ®T^’^{x)) + a^{T^’^{x),y) + a^{x,T^’^{y)) 

= b^{x, T^’^iy)) + b^iT^’^ix), y). 

For x,y E Fi we have 

c\2ix,y) + a^iT^’^ix),y) + a^{x,T^’^{y)) = 6\a:, T 2 ’^(y)) + 6^(T2’^(x), y). 
Thns, for i, j E Io,i + j = —2 and x,y E Fq we have 

bij{x,y) = bij{x,y) + bi+ij{T^’^{x),y) + bij+i{x,T^’^{y)) 

+ ^.+1,.+ 1 ( 7 ^ 1 7^1’°(y))+ 7^2’^y))+ 

for i, j E Ii,i + j = —2 and x,y E Fi we have 

bij{x,y) = bij{x,y) + bi+ij{T^’^{x),y) + bij+i{x,T^’^{y)) 

+ bi-i{x, T 2 ’^(y)) + b-j^j(Tl'^{x), y). 

Let T be as in (a) with Tq° = 1,Tq^ = 1, T®’^, T 2 ^’^, as above and the 

other components 0. Dehne ( 6 b) by T{bij) = ( 6 b). Then ( 6 b) has the reqnired 
properties. 

Case 3: p = 2^k — —1. In this case we have n > 2. We hrst show that there 
exists a E End(Fi) snch that 

(*) b^{x,a{y)) = b^{a{x),y), c^_ 4 ^{x,x) ^ b^{x,a{x)) + b^{a{x),a{x)) 

for x,y E Fi. The fnnctions Fi — k, x 1 —>• b^(x,x),x h-> c^ 4 ^{x,x) are additive 
and homogeneons of degree 2 , hence are of the form x 1 —> d{x)‘^,x Oi{x)‘^ where 

9, 9i E Hom(Fi, k). We can hnd a direct snm decomposition Fi = F' © F" where 
b\x',x") = 0 for all F G F',F' G F", = 0, F' = Fi if ^ = 0, dimF" G {1,2} 

if 6 * ^ 0. Dehne a' E End(F') by 9i{x)9i{y) = b^{x,a'{y)) for x,y E F'. Then 
b^{x, cr'(y)) = b^{a'{x), y) for x,y E F', 6 * 1 ( 2 :)^ = 6 ^( 2 :, a'{x))F9{a'{x)Y for x E F'. 
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If dimF" = 1 we have 6 \f" ^ 0 and there is a unique v G F" such that 6 {v) = 1. 
Let a" : F” F” be multiplication by a where a G k satishes a? + a = 

Then 9\{xY = h^{x,a"{x)) F 9 {a"{x))‘^ for x G F" and h{x,a"{y)) = h{a"{x),y) 
for x,y E F". 

If dimF" = 2 we can hud a basis {v,v'} of F" such that 9{v') = 0,6*(n") = 
1. We set h{y',v") = /. We have / 7 ^ 0. Dehne a" G End(F") by a"(y’) = 
af~^v' + an", a"(n") = where a G k satishes + a = 9i{v')‘^. 

Then h{x,a"{y)) = h{a"{x),y) for x,y E F", 6 * 1 ( 2 :)^ = h{x,a"{x)) F 9 {a"{x)Y for 
x G F". 

If F" = 0 let a" : F" —F" be the 0 map. 

Dehne a E End(Fi) by cr(a:) = a'{x) if a: G F', a{x) = a"{x) if a: G F". Then a 
satishes (*). Since iP is non-degenerate we can hud G Hom(Fi,Fo) such that 

P_^{x,y) Fa^{x,a{y)) = P{x,T^’^{y)) 

for X E Fo,yeF^. For any i E Io,j E Ii,i + j = ~3 and x E F|j|, y E F|j| we have 

bij{x,y) = bij{x,y) Fbij+2{x,a{y)) Fbij+3{x,T^’^{y)). 

It follows that for any i E Ii,j G /q, i + J = —3 and x E F\^, y E F\j\ we have 

bij{x,y) = bij{x,y) Fbi+2,j{a{x),y) Fbi+3,j{T^’^{x),y). 

Dehne di E Bil(Fi) by di{x,y) = bij+2{x, cr{y)) F bi+2,jicrix),y) where ij E 
Ii,iF j = —4. Using the hrst equality in (*) we see that di is independent of the 
choice of i,j. Dehne d E Bil(Fi) by 

d{x, y) = c\^{x, y) F di{x, y) F b^{(T{x), CT{y)) F a^{T^^^{x),y) F a^{x, T^'^{y)). 

We have d{x,x) = 0 for a: G Fi. (We use (*) and the identity bij-\-2 + ^j,i +2 = b^ 
for i,j E Ii,iFj = —4.) Thus, d is symplectic hence we can hud d' E Bil(Fi) such 
that d = d' Fd'*. Since 6 ^ is non-degenerate we can hnd G End(Fi) such that 
d'{x,y) = b^{x,Tl'^{y)) for x,y E Fi. We have 

d{x,y) = 6^(a;,T4’^(a/)) + 6^(a/,T4’^(a:)) = 6^(a:, T4’^(a/)) + 6^(T4’^(a:), y). 

Hence for j E IiP + j — —4: and x,y E Fi we have 

bij{x,y) = bij{x,y) Fbij+2{x,a{y)) Fbi+2,j{(j{x),y) 

F bi+2,j+2{(x{x), a{y)) F 6 ^+ 3 ,i(7?’^(a;), y) + kj+ 3 {x,T^ 4 ^y^^ 

F bij+ 4 {x, + bi+ 4 ,jiTl’^{x), y). 
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For i, j G /i,i + j = —2 and x,y G Fi we have 

bij{x,y) = bij{x,y) +bij+2{x,cr{y)) + bi+2,jicrix),y) = bij{x,y). 

Define / G Bil(Fo) by f{x,y) — c^^{x,y). Then / is symplectic. (We nse that 0^4 
is symplectic.) Hence we can find f G Bil(Fo) snch that f = f + f'*- Since 6® is 
non-degenerate we can find T4 ^ G End(Fo) snch that f'{x,y) — b^{x,T^' (y)) for 
x,y E Fq. We have 

fix, y) = b^ix, T^’^{y)) + T^’^{x)) = 6®(a:, T4’°(y)) + ’“(x), y) 

hence for i, j E Io,i + j = —4 and x,y E Fq we have 

bijix,y) = bijix.y) + bij+4ix,T^’^{y)) + 6i+4,j(T4’“(x), y). 

For i, j E Io,i + j = —2 and x,y E Fq we have 

bijix,y) = bijix.y). 

Let T be as in (a) with Tq° = 1 ,Tq^ = 1 , T3T4T®= a as above and 
the other components 0 . Define (6F) by T{bij) = [bij]- Then (6T) has the reqnired 
properties. 

Case 4 -' P = ‘ 2 , k < — 1 . In this case we have n > 3 . Define e, 5 G { 0 , 1 } by 
e = k — 1 mod 2,6 — 1 — e. Since b^ is non-degenerate, we have C2^_2ix,y) = 
b^ix, (j{y)) for x,y E Fs where cr G End(F5) is well defined. Since b^* = b^, C2fc_2 = 
C2k-2i "we have b^{x,aiy)) = b^{a{x),y). Since F is non-degenerate we can find 
^i-2fc ^ Hom(F5, Ff) snch that 

clk-iix,y) +a^ix,aiy)) = 6"(rr, T{y^2fc(2/)) 

for X E F^,y E Fs. For any i E Ie,j E Is,i + j = 2k — 1 and x E F^, y E Fs we 
have 

bij{x,y) = bij{x,y) + bij-2kix,a{y)) + bi,j+l-2kix,Tl’_^2kiy))■ 

lt follows that for any i E Is,j E + j = 2k — 1 and x E Fs,y E F^ we have 
bij{x,y) = bij{x,y) +bi-2k,jio-ix),y) + bi+i- 2 kATl’! 2 ki^),y). 


Define di E Bil(F 5 ) by diix,y) = bi^j- 2 k{x,a{y)) F bi- 2 k,j{(yix),y) where i,j E 
Is,i + j = 2k — 2. Using 6^(1 ® cr) = 6'^(a ® 1) we see that di is independent of 
the choice of i,j. Define d E Bil(F 5 ) by 


dix,y) = C2k-2A:y) + diix,y) + a^{Tl’_^2kiA:y) + a\x,Tl’_^2kiy))- 
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We have d{x, x) = 0 for x G Fg. (This follows from the choice of a and the identity 
bi,j- 2 k + bj,i- 2 k = b^ for j & Is^i + j = 2 k — 2.) Thns, d is symplectic hence we 
can hnd d' G Bil(F 5 ) snch that d = d' + d'*. Since b^ is non-degenerate we can 
hnd T2^2k ^ End(F 5 ) snch that d'{x,y) = b^{x,T2^2kiy)) G Fs. We have 

d{x,y) = b\x,T2'l2kiy))+b\y,T2'l2ki^)) = ^2-2fc(l/)) + I/)- 

Hence for i, j ^ Is,i F j = 2 k — 2 and x,y E Fs we have 

bij{x,y) = bij{x,y) + bij-2k{x,a{y)) + bi- 2 k,j{( 7 {x),y) + bi+i-2k,j{Tl’_^2ki^)^y) 
+ bij+i-2k{x,Tl’_^2kiy)) + b^,j+2-2k{x,T2^_^2kiy)) + ^i+2-2fc,j ( 7 ' 2 h^ 2 fc(^)’ !/)■ 

For i, j E Is,i + j = 2 k and x,y E Fs we have 


bij{x,y) = bij{x,y) + bij-2k{x, a{y)) + bi-2k,jicrix),y) = bij{x,y). 

Dehne / G Bil(F,) by f{x,y) = c|fc_ _ 2 {x,y). Then / is symplectic. (We nse that 
C 2 k _2 is symplectic.) Hence we can hnd /' G Bil(F£) snch that / = f'+f'* ■ Since F 
is non-degenerate we can hnd T'|^ 2 A: ^ End(Fe) snch that f'{x, y) = F{x^ ^ 2 - 2 A:(^)) 
for x^y E F^. We have 


f{x, y) = F{x, T2^l2kiy)) + b^iy^ ^2-2fc(^)) = ^2-2fc(l/)) + b%T2^_l2ki^)^ y) 

hence for i, j E Ie,i + j = 2k — 2 and x,y E F^ we have 

bij{x,y) = bij{x,y) + bij+ 2 - 2 k{x,T 2 '^ 2 kiy)) + -2fc,j(2^2-2A: {x),y). 


For i,j E Is,i + j = 2k and x,y E F^ we have bij{x,y) = bij{x,y). Let T be as 

in (a) with Tq° = 1,Tq^ = 1, Tl'^ 2 k^'^ 2 - 2 k^'^ 2 - 2 k^ ^- 2 fc = t as above and the 
other components 0. Dehne (6F) by T{bij) = ibF). Then (6F) has the reqnired 
properties. 4k 

This completes the proof of (b). 

We now verify the following special case of 3.6(c). 

(c) Let {bij),{bij) be two points of X. Then there exists T E such that 

T(h„) = {h„). 

We hrst prove the following statement by indnction on k E [—n, 0]. 

(Pfc) Assume in addition that bij = bij for any i,j with i + j > 2k. Then there 
exists T E such that T{bij) = {bij). 

lik = —n the resnlt is obvions. Assnme now that k E [1 — n, 0]. By (b) we can hnd 
T' G Xu snch that T'{bij) = (6F) and bT = Fj for i+j > 2k —2. By the indnction 
hypothesis we can hnd T" E Xu snch that T'fbT) = (bij). Let T = T"T' E Xu. 
Then T(bij) = ipij). This completes the proof of (Pfc) for k E [—n, 0]. In particnlar 
(Po) holds and (c) is proved. 
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3.10. Proof of 3.6(c). Let (,),(,)' be two elements of the set X in 3.6. We 
must show that (,),(,)' are in the same [/-orbit. We argue by induction on e, the 
smallest integer > 0 such that = 0. If e = 0 we have V = 0 and the result is 
obvious. If e = 1 we have = 0. Then V = grI4 canonically, [/ = {!} and both 
(,),(,)' are the same as (, )o hence the result is clear. We now assume that e > 2. 

4. Assume hrst that p = 2. For n E C let Qn : —> k be the quadratic forms 

attached to (iV, (,)) in 3.3 and let q'^ : k be the analogous quadratic forms 

dehned in terms of (iV, (,)'). We show: 

(a) there exists T E U such that if (,)" G Symp(I/) is given by {x,y)'' = 
(TxjTy) then for n E C the quadratic form q'f defined as in 3.3 in terms of 
(/V, (,)") satisfies q'f = q'^. 

We are seeking an A G such that SN = NS and ((l-l-5')i:, = 

(i, N'^~^x)' that is, ((1 -|- S)x, S)x) = (i, N'^~^x)' that is, 

{Sx, N^-^x) + {x, N^-^Sx) + {Sx, N^-^Sx) = (i, N^-^x)' + (i, N^-^x) 
for any n E C and any x E V>-n such that N'^^^x = 0. Now 
{Sx, N^-^x) + (i, N'^-^Sx) = {Sx, 

is a linear combination of terms {Sx, x) with n' > n; each of these terms 
is 0 since Sx E V>i_„, x E V> 2 n'-n and 1 — n -|- 2n' — n > 1. Moreover, 
(Sx, N^~^Sx) — {Sx, u'^~^Sx)o where x E is the image of x and {x, N^~^x)'+ 
{x, N'^~^x) = q'^{x)+qn{x). By the surjectivity of the map S' i—> S in 2.5(d), we see 
that it suffices to show that there exists a E End5'(grI4) (that is a G Endi(grI4) 
such that au = ua) with {ax, z/"'“^cra:)o = q'nix) -|- qn{x) for any n E C and any 
a: G PL^. 

For n E C the last equation is automatically satished for any a. (The left 
hand side is zero by the dehnition of C. The right hand side is equal by 3.3(c) to 

where Qn is the quadratic form attached as in 3.3 
to {N, {,)) and Q'^ is the analogous quadratic form dehned in terms of {N, {,)'). 
The last sum is zero since Qn = Qn = Q.) 

We see that it suffices to show that there exists a E Endj'(grI4) such that 
{ax, v'^~^ax)Q = ^(^(a:) -|- qn{x) for any n E C — C and any x E PL„. 

For n E C — C, the quadratic forms q'.^, q^ have the same associated symplectic 
form (see 3.3(a)); hence there exists 9n E Hom(PL„, k) such that q'^ix) -|- qn{x) = 
9n{x)‘^ for all x E PL^. Hence it suffices to show that the linear map 
p : End5'(grV;) ^ Hom(PL„, k) 

given by a I—> {9n) where 9n{x) = ^ ^ P-n is surjective. Let 

£ — ©n>oHom(PL^, gri-TiW). We have an isomorphism tx : Endj'(grI4) —^ £ 
given by a I—(a^) where an E Hom(Pj^^, gri_^I4) is the restriction of a. Dehne 
a linear map 

p’ :£ ^ ©n6/:-/:'Hom(PL^, k) 

by [an) I— {9n) where 9n{x) — a/ {(XnX, i>'^~^anx)Q for x E P£n- We have p'lr = p. 
Hence it suffices to show that p' is surjective. It also suffices to show that for any 
n E C — C' the linear map 
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p'n ■ Hom(P^^,gri_„V;) ^ Hom(P^„, k) 

given by / H->• 6*, where 6 {x) = ^ ^ P-m surjective. Define 

g G Hom(gri_nK k) hj h ^ a /(/ i , Then p'^{f) = g o f for / G 

Hom(Pfi^, gri_^K). Hence to show that is surjective it suffices to show that 

p 7 ^ 0. Since n G C. — CJ^ there exists m odd such that m > n + 3 and hm is 
not symplectic. Hence there exists u' G such that (n.', v'^u')q ^ 0. We have 
m = (n — 1) + 2/c where k is an integer > 2. Let u = N^u’ G gri_^W and 

(•u, = {u\ z/"^'u')o 7 ^ 0 . 

Thus g{u) 7 ^ 0. We see that p 7 ^ 0, as required. This proves (a). 

Note that (,)" in (a) is in X (in fact in the [/-orbit of (,)). Replacing if necessary 
(,) by (,)" we see that 

(b) we may assume that (,), (,)' are such that Qn = q'^ for all n E C. ^ 

We now return to a general p. Let r > e. Let F be a complement of V> 2 -r = 
ker in V>i-r = V and let F' be a complement of V> 3 -r = ker -t- NV 

in V> 2 -r — ker N^~^. Consider the linear map aofF©F'©F©...©F'©F 
(2r — 1 summands) into V given by 

(t 1 —rj X2—r: ■ ■ ■ ■> ^r—2: Tr —l) ' ^ 

Xi—j- © Xx^—j. © ■ ■ ■ © ^Xj —1 © X2—r T Xx^—j. © ■ ■ ■ © X^ ‘^Xj.—2- 

(Here a;iGFift = r©l mod 2 and Xi E F' \i i = r mod 2.) Let W be the 
image of a. We show that 

(c) (,) and (,)' are non-degenerate on W. 

We prove this only for (,); the proof for (,)' is the same. Assume that w = 
Xl-r+Xx^-r © ■ ■ ■ + X'^~^Xr-l ©T2-r +Xx4^-r © ' ' ■ + X'^~‘^Xr-2 with Xi aS above 
satisfies {w^W) = 0. We show that each Xi is 0. We have 0 = {w, X'^~^F) = 
{xi-r, X^~^F) = 0. Using the non-degeneracy of K-i we see that xi-r — 0 
and w = Xxs-r © ■ ■ ■ © X‘^~^Xr-i © X 2 -r + Xx 4 -r © ''' © X'^~‘^Xr- 2 - We have 
0 = {w, X^~‘^F') = {x 2 -r, X'^~‘^F'). Using the non-degeneracy of br -2 we see 
that X 2 -r = 0 and w = Xx^-r © ■ ■ ■ © 1 © Xx^-r © ■ ■ ■ © X'^~‘^Xr- 2 - 

We have 0 = {w, X'^~‘^F) = {Xxs-r, X'^~‘^F) — —{x 3 -r,X'^~^F). Using the non¬ 
degeneracy of br-i we see that xs-r = 0. Continuing in this way we see that each 
Xi is 0. This proves (c). 

The proof shows also that a is injective. 

Let Z = {x E V] {x, W) = 0}, Z' = {x E V] {x, W)' = 0}. From (c) we see that 
V ®Z = W ®Z’. 

Clearly, W is Wstable hence (1 © A^)-stable. Since 1 © iV is an isometry of 
(,) it follows that Z is (1 © A^)-stable hence Wstable. Similarly, Z' is Wstable. 
Define $ G GLiV) by $(a;) = a: for a; G lU, $(a:) = a;' for a: G Z where x' E Z' is 
given by a; — a:' G W. We have $ G [/ (see 2.7(c),(d)). Define '(,) G Symp(U) by 
'{x,y) = ($(a:), $(a/))'. By 3.6(a), we have '(,) G X. 

Let 'Z = {x E V]'{x,W) = 0}. We show that 'Z = Z. Let a: = a;i © a :2 
where Xi eW^X 2 E Z. We have X 2 — w ® x^-, w E W^x '2 E Z'. For rc' G kF we 
have {^{x),w')' = {xi + x' 2 ,w')' — {xi,w')'. The condition that ($(a:), tU)' = 0 
is that (a:i, W)' = 0 or that a:i = 0 (using (c)) or that x E Z. Thus, 'Z = {x E 
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V-, ($(a:), = 0} = {x G ($(a:), W)' = 0} = Z as required. 

^ In the case where p = 2 we show that for any n G C the quadratic form q'^ 
attached to (iV, (,)') as in 3.3 is equal to the analogous quadratic form attached 
to (iV, '(,)). We must show that, if a: G V>-n, = 0 then ($a:, = 

{x,N^~^x)' that is, {^x, N'^~^^x)' — {x,N^~^xy. Both sides are additive in x. 
We can write x — xi + X 2 where xi G W, 0:2 G Z satisfy xi^X 2 G V>-n, — 

Q^N'^^^X 2 = 0. We may assume that a: = Xi or a: = X 2 - When a: = a:i the 
desired equality is obvious. Hence we may assume that x & Z. Write a: = a:' + re, 
x' e Z',w e W. We must show that {x + w, N^~^x + N'^~^w)' — {x, N^~^x)' that 
is, (a:, N'^~^w)'+{wj N'^~^x)'+{Wj N'^~^w)' = 0 that is, (a:, + 

{w, N'^~^w)' = 0 that is, {x, N’^w)' + (re, N'^~^w)' = 0 (we use = 0 ) that 

is, {x' + WjN'^w)' + {w,N'^~^w)' = 0 that is, {w,N'^w)' + {w, N'^~^w)' = 0. 
Now w G W>i-n (see 2.7(b)), N^w G W>n+i hence {w,N‘^w)' = 0. It remains 
to show {w, N'^~^w)' = 0. Since w G W>i_n, = 0, it suffices to show 

{y, iy^~^y)o = 0 for any y G gri_^W such that = 0. This has already been 

seen in the proof in 3.3 that is well dehned. 4k 

Replacing (,)' by '(,) (which is in the same 17-orbit) we see that condition (b) 
is preserved (for p = 2 ). 

Thus, we may assume that (,),(,)' satisfy Z = Z' and that for p = 2 condition 
(b) holds. Thus V = IT © Z is an othogonal decomposition with respect to either 
(,) or (,)'. Let (, )m, (, )z be the restrictions of (,) to IT, Z. Let (, )'^, (, be the 
restrictions of (,)' to IT, Z. Let 17i (resp. U 2 ) be the analogue of U for IT (resp. 
Z) dehned in terms of N and IT^ (resp. Z^). We have naturally Ui x U 2 C U. 

We consider 5 cases. 

Case 1: p 7 ^ 2. Take r = e + 1. (Thus, F = 0.) By the induction hypothesis, 
(, )z is carried to (, )'^ by some U 2 G U 2 - By 3.9, (, )w is carried to (, )'y^ by some 
ui G 17i. Then (,) is carried to (,)' by ('Ui,'U 2 ) G U. 

4k Case 2: p = 2, e is odd and be -2 is symplectic. Take r — e + 1. (Thus, 
F = 0.) We have e — 1 G T. The sets C attached to (, )z, (, )'z are the same as C 
for (,),(,)'. The quadratic forms attached to (, )z, (, )'z and n G £ —{e —1} are the 
same as those attached to (,), (,)' and n, hence they coincide. The quadratic forms 
attached to (,)z, (,)z and n — e — 1 also coincide: they are both 0. Hence the 
Quadratic forms attached to (, )z, (, )'^ coincide (see 3.3(c)). The quadratic forms 
attached to y)wTy)'w coincide: for e — 1 they are the same as those attached 
to (,), (,)' and e — 1 and for other n they are zero. Hence the Quadratic forms 
attached to (, coincide. By the induction hypothesis, (, )z is carried to 

(, )'z by some U 2 G U 2 - By 3.9, (, )w is carried to (, by some ui G 17i. Then (,) 
is carried to (,)' by ('Ui,'U 2 ) G U. 

Case 3: p = 2, e is even and be-i is symplectic. Take r = e + 1. (Thus, F = 0.) 
The sets C attached to (, )^, (, )'^ are the same as C for (,),(,)'. The quadratic 
forms attached to (, )^, (, and n E C are the same as those attached to (,), (,)' 
and n, hence they coincide. Hence the Quadratic forms attached to (,)z,(, 
coincide. By the induction hypothesis, (, )z is carried to {,)^ by some U 2 G 1 / 2 . 
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By 3.9, (, )w is carried to (, )'^ by some ui G Ui. Then (,) is carried to (,)' by 
('Ui,'U 2 ) e U. 

Case 4- p — 2, e is even and be-i is not syniplectic. Take r = e. The sets C 
attached to (, )z, (, )'z ai'e the same as C for (,),(,)'. The quadratic forms attached 
to {, )z, (, )'z n E C are the same as those attached to (,), (,)' and n, hence 
they coincide. Hence the Quadratic forms attached to (, )z, (, )z coincide. By the 
induction hypothesis, (, )z is carried to (, by some U 2 E U 2 - By 3.9, (, )w is 
carried to (, by some ui E Ui. Then (,) is carried to (,)' by ('Ui,'U 2 ) G U. 

Case 5: p = 2, e is odd, > 3 and be -2 is not symplectic. Take r = e. By 3.9, 
(, )vL is carried to by some ui E Ui. Replacing (,)' by a translate under 

(•ui, 1) G we see that we may assume in addition that (, )w = (, )'w bet W = 
F + NF + --- + N^-^F. Let W’ = {w E W; (w, W) = 0} = (w E W; (w, W)' = 0}. 
Then W = W ® W, orthogonal direct sum for both (,),(,)'. Let Z = W' © Z, 
orthogonal direct sum for both (,),(,)'. Then V = W (B Z, orthogonal direct sum 
for both (,),(,Let (,)(, )b be the restrictions of (,), (,)' to Z. Let Ui (resp. 
U 2 ) be the analogue of U for W (resp. Z) dehned in terms of N and (resp. 

We have naturally Ui x U 2 C U. The sets C attached to (,)^, (,)b are 
the same as C for (,),(,)'. The quadratic forms attached to (,)(,)'- and n E C 
are the same as those attached to (,), (,)' and n, hence they coincide. Hence the 
Quadratic forms attached to (,)(, )b coincide. By the induction hypothesis, (,)^ 

is carried to (, )k by some U 2 E U 2 - Then (,) is carried to (,)' by (1, U 2 ) E U. ^ 
This completes the proof of 3.6(c) hence also that of 3.5, 3.6, 3.7. 

3 . 11 . Here is the order of the proof of the various assertions in Propositions 3.5- 
3.7: 3.5(a) (see 3.8); 3.7(a) (see 3.7); 3.6(a) (see 3.6); 3.7(b) (see 3.7); 3.6(b) (see 
3.6); 3.5(b) (see 3.5); 3.6(c) (see 3.9, 3.10); 3.7(c) (see 3.7); 3.5(c) (see 3.5). 

3 . 12 . Let V E C and let (,) G Symp(R). The following result can be deduced 
from [SI, I, 2.10]. 

Let C,Co be two GL(R)-conjugacy classes in Nil(l/) such that C fl M.{,) 7 ^ 
0, e'en ) 7 ^ 0 and C is contained in the closure of Cq in GL{y). Then C'n 7 \d() 
is contained in te closure of Cq fl Wl(,) in -Mq- 

3 . 13 . Let V E C and let (,) G SympCP). Let G = Sp((,}). For any self-dual 

hltration R* of V and for n > 1 let = E>riV* bl p a unipotent algebraic 

group with multiplication T *T' = T + T' + TT'. Let 

f(v;) = e(W) n = {iV G M^y, Vf = w} = {TV G W; N E EndO(grV;)} 

(see 2.9). The following three conditions are equivalent: 

(ii) there exists u E End 2 (grl 4 ) which is skew-adjoint with respect to the sym¬ 
plectic form on grl 4 induced by (,); 
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(iii) dimgr^F* = dimgr_„KK > dimgr_^_ 2 l 4 for all n > 0 and dimgr_„14 = 
dimgr_n- 2 K mod 2 for all n > 0 even. 

We have (i) (ii) by the dehnition of ^(14); we have (ii) (iii) by 2.3(d) and 
3.1(c). Now (iii) (ii) is easily checked. We have (ii) (iii) by 3.5(a). 

Let 15^be the set of all self-dnal hltrations 14 of V that satisfy (i)-(iii). From 
the dehnitions we have a bijection 

(a) 5”(,) —^ -Dg, 14 

(Hg as in 1.1) where A= (Gq D Gf D Gf D ■ • •) is dehned in terms of 14 by 
G^ = G>ol4 n G and G^ = 1 + G^^14 for n > 1. The sets f(14) (with W e )?(,)) 
form a partition of A4(^). (If N E Mq we have N E f(14) where 14 = 14^-) 

Let 14 G !?(,)■ Let Gq be the nniqne GL(l/)-conjngacy class in Nil(l/) that 
contains ^(14)- We have 

Ggw - f(l4) = (G>2l4 - e(v;)) n = G>2l4 n (UgG) n 
(the last eqnality follows from 2.9; G rnns over all GL(l/)-orbits in Nil(l/) snch 
that G C Go — Go). Using 3.12 we see that 

Ugw - f(W) = W n (Ug(G n M(,))) 
where G rnns over all GL(l/)-orbits in Nil(l/) snch that G fl Al(^) 7 ^ 0 and G C 
Go n — (Go n Al(j). We see that, if 14 >A (as in (a)) and A is the G-orbit 
of A in Dq then (with notation of 1.1) is the nnion of G-conjngacy classes in 
1 + contained in 1 + Go, is the nnion of G-conjngacy classes in 1 -|- 

contained in 1 -|- Go, = 1 -|- f(14) = 1 -|- (G^^IG H Gq). We see that iPi — iPa 
hold. 

3.14. We preserve the setnp of 3.13. Let 14 G )?(,) and let AG Dq be the cor¬ 
responding element. Dehne (, )o G Symp(grl4) as in 3.2. The map 
End 2 (grl 4 ), N N restricts to a map 

TT : ^( 14 ) E := {u E End2(grl4); u skew-adjoint with respect to (, )o}. 

We show: 

(a) The group Ey^^V^ (see 3.13) acts freely on i{V*) byT,N\-^T*N (see 3.13) 
and the orbit space of this action may be identified with E via n. 

We show this only at the level of sets. If T G N E ^(14) then T*N E E^^X* 

and T * N,N indnce the same map in End 2 (grl 4 ); hence T * N E ^(14). Thns 
T, I—> T*N is an action of E^^V^ on ^(14). This action is free: it is the restriction 
of the action of on Ey\v^ by left mnltiplication for the gronp strnctnre in 

3.13. If N, N' E f(14) indnce the same map in End 2 (grl 4 ) then N' — N E E>sV*- 
Set T = (iV'-iV)(l + iV)-i G G> 3 W. Then (l+T)(l + iV) = 1 + N' and we have 

antomatically T E G^gU* and T -|- = N'. Thns the orbits of the G^gW-action 

on ^(U*) are exactly the non-empty hbres of tt. It remains to show that tt is 
snrjective. This follows from 3.5(a). 

Now let Nj N' E f(14) be snch that N = N' = n E End 2 (grl 4 ). We show: 
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(b) there exists g G E>oV^ fl G such that N' = gNg~^. 

Assume first that p = 2. The set C C 2N dehned in 3.3 in terms of N is the 
same as that dehned in terms of N'. Let Qn : P-n —^ k be the quadratic form 
dehned in terms of N (for n G T) as in 3.3 and let q'^ : ^ k be the analogous 

quadratic form dehned in terms of N'. From 3.3(a) we see that for any n ^ C 
there exists an automorphism hn : P-n —^ P-n which preserves the symplectic 
form x,y bn{x,y) (see 3.1) and satishes q'nix) = qn{hnx) for any x G P-n- 
There is a unique h G Sp{{,)o) such that h{x) = hn{x) for x G P'^n:'^ ^ 
h{x) = X for X E P-nJ n E Z — C, hu = uh. Let V — ©al4 be a direct sum 
decomposition as in 3.2(b). Then Endo(l^) is dehned and we dehne h E Endo(E) 
by the requirement that for any a, h : Va ^ Va corresponds to h : gr^lA —^ 
under the obvious isomorphism 14 24 gr^lA. Then h E i?>ol4 H G and hNh~^ = 
N" where N" E satishes N" = z/. Moreover, the quadratic form P'^n —^ 

dehned as in 3.3 in terms of N" (instead of N) for n G £ is a: h-> hn{x) that is, q'n- 
From 3.3(c) we see that the Quadratic form Qn dehned for n E C in terms of N" 
is the same as that dehned in terms of N'. From 3.5(c) we see that there exists 
h' G 1 + Ey\v^ such that h'N"h'~^ = N'. Setting g = h'h E i?>ol4 fl G we have 
gNg-^ = N'. 

Next assume that p ^ 2. From 3.5(c) we see that there exists g E 1 + Ey\v^ 
such that gNg~^ = N'. This proves (b). 

We see that iPe (hence fP 4 ) holds. 

From (a) we see that the Gq- action on ^(E*) (conjugation) induces an action of 
Gq = Gq /Gf on E and from (b) we see that this gives rise to a bijection between 
the set of Gg-orbits on ^(E*) and the set of Gg "Orbits on E. We describe this last 
set of orbits. We identify Gg with Endo(grE*) fl 5'p((, )o) with the action on E 
given by : z/ I—> E where ^'{x) = gu{g~^x) for x E grE*. 

Let / = {n G 2N -|- l,dimgr_„E* — dimgr_Ti- 2 E* G {2,4,6,...}}. For any 
subset J C / let Ej be the set of all z/ G P such that for any n E I we have 
{x E gr_nE*; z/"-+^a: = 0, (x, z/"-a:)o 7 ^ 0} 7 ^ 0 n G J. 

Let E be the set of all direct sum decompositions grE* = ©n>olE” where lE"^ G C 
(see 2 . 1 ) are such that (lE"^, lE"^')o = 0 for n 7 ^ n' and for n > 0 , dimlE^ is 
dimgr_^E* — dimgr_„_ 2 E* if a G [—n,n],a = n mod 2 and is 0 for other a. 
Dehne (/> : P —P by z/ 1 —> (IE"') where IE" = Yl,k>o ^^P-n- Then (f) is Gg- 
equivariant where Gg acts on E in an obvious way (transitively). 

Let w = (IE") G E. Let G"’ be the stabilizer of w in Gg. Let E'^ = 

Now E^ may be identihed with nn>o Pn where En is the set of all skew-adjoint 
elements in End 2 (lE") with respect to (,)o|it"- Moreover G'^ may be identihed 
with nn>o where G)} = Endg(lE") fl 5'p((, )o| w^)- Furthermore, we may 
identify E^ = ^ T'n ^ where consists of all sequences of isomorphisms 

(C) W!^n ^ W!fn+2 ^ W!tn+4 ^ ^ VE!!, 

(h = 0 if n is even and h = 1 if n is odd) and En‘^ is the set of non-degenerate 
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symmetric bilinear forms x —> k (if n is odd) and is a point if n is 

even. (This identification is obtained by attaching to z/ G E'^ the isomorphisms 
(c) indnced by f and if n is odd, the bilinear form x, x' h-> (x, vx')q on W^i-) 

We claim that if p = 2, the snbsets Ej are precisely the orbits of Gq on E while 
if p 7^ 2, i? is a single orbit of Gq. Using the transitivity of the Gq action on E 
we see that it snffices to prove: if p = 2, the snbsets Uj = Ej fl E'^ are precisely 
the G’^-orbits on E while if p 7^ 2, E'^ is a single G“-orbit. If n ^ G'^ acts 

transitively on E'^. If n G /, pr2 : E^^ indnces a bijection between the set 

of GJC-orbits on and the set of GL(IUI!]^)-orbits on the set of non-degenerate 
symmetric bilinear forms on . The last set of orbits consists of one element if 
p 7^ 2 and of two elements (the symplectic forms and the non-symplectic forms) if 
p = 2. This verihes onr claim. 

We see that the hrst assertion of iPg holds. 

As above, we identify E with the set of triples {w,a,j) where re G U, a is a 
collection of isomorphisms as in (c) (for each n > 0) and j is a seqnence {jn)nei 
where jn G Bil(IW^^]^) is symmetric non-degenerate. 

Assnme that p = 2. Let J G J' G I. From the previons discussion we see that 
the Gq "Orbits on E that contain Ej in their closure and are contained in the closure 
of Ej/ are those of the form Ek where J G K G J'. Let Gj j/ = Uk-,JizK(zJ'Ek- 
We identify Ej with the set of {w,a,j) G E such that jn is not symplectic for 
n G J and symplectic for n G / — J. We identify Ej^j/ with the set of (re, a, j) G E 
such that in is not symplectic for n G J and symplectic for n G / — Jb Let Ej 
be the set of all triples {w,a,j) where w,a are as above and j = {jn)nei where 
for n G J, jn G Bil(IULi) ^ symmetric non-symplectic non-degenerate form and, 
for n G / — J, jn ■ X k is the square of a symplectic non-degenerate 

form. 

Now Ej,Ej^j/,Ej are naturally algebraic varieties. Dehne a hnite bijective 
morphism a : Ej ^ Ej hj (w, aj)^ {w, a,j) where jn = jn for n gJ, jn = jn 
for n G / - J. Dehne p : Ejj/ Ej by {w, aj) {w, aj) where jn = jn for 
n G J and jn{x, x') — jn{x, x')^ +jn{x, x)jn{x', x') for n G I — J, x, x' G lULi. (To 
see that this is well defined, we must check that for n ^ I — the symplectic form 
X, X I ^ 0 + \/ln {x,x)jn{x',x') on IFLi is non-degenerate. Let R be the 

radical of this symplectic form. Let H = {x G Wjfi', jn{x, x) = 0}. If x G RH H, 
then jn{x, x') for all x' hence x = 0. Thus, RnH = 0. Since H is either lUbi or a 
hyperplane in lUbi, we see that RCiH is either R or a, hyperplane in R. It follows 
that dimi? is 0 or 1. Since R = dimlUbi mod 2 we see that dimi? is even. Hence 
i? = 0, as required.) 

Taking here J' = /, we see that fPr holds. We now return to a general Jb We 
consider the hbre JF of p at {w,a,j) G Ej. We may identify T with the set of 
all collections {jn)nei-J where jn G Bil(IUbi) symmetric non-degenerate for all 
n, jn is symplectic for n G / - J' and jn{x,x') = jn{x,x'Y R jn{x,x)jn{xjx') 
for n G / — J, x,x' G IFbi. Let T' be the set of all collections {hn)nei-J where 
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hn is a linear form ^ k, zero for n G I — J'. We define a map T —> 

by {jn)nei-J ^ {hn)nei-J where hn{x) = jn{x,x) for x G We 

define a map ^ by {hn)nei-J ^ {jn)nei-J where jn{x,x') = \Jjn{x,x') + 
hn{x)hn{x') for x,x' G W^i- (We show that this is well defined. We mnst show 
that in given by the last eqnality is non-degenerate. Let R' be the radical of jn- 

Define v G by hn{y) = \Jjn{v^ y) for all y G WLi. If t G R'^y G we 

have sjju{x,y) = hn{x)hr,{y) = hr,{x)\Jjn{v,y) hence sjjn{x - hn{x)v,y) = 0 . 
Since \/J^ is non-degenerate we have x — hn{x)v = 0. Hence x = hn{x)v — 

hn{hn{x)v)v = hn{x)hn{v)v. This is 0 since hn{v) — \Jjn{v^ v) = 0. Thns R' = 0.) 
Clearly, T —> —> R are inverse to each other. We see that R is in natnral 

bijection with a vector space of dimension YlneJ'-J where = dimlW^j^. 
Hence if k, q are as in iPs, we have 

Ek;JckcJ' \Ek{F,)\ = \Ej,j^{F,)\ = UneJ'-J<l''-\EjiF,)\. 

From this we see that \EK{Fq)\ = nn 6 A(^^’^ ~ l)l-^ 0 (F'g)| for any K <Z L Using 
this and iPe we see that the second assertion of iPg holds. 

For k, q as in iPs we have 

|//*(F,)| = |X»(F,)||G(F,)/G^(F,)|, |X‘(F,)| = ,>""'0‘|B(F,)|. 

Hence to verify iPs it snffices to show that |i?(Fg) | is a polynomial in q with integer 
coefficients independent of p. Using the Go-eqnivariant fibration (f) : E — > E we 
see that |i?(Fg)| = \E{Fq)\\E'^{Fq)\ for any w e E. Since |.E(Fg)| is a polynomial 
in q with integer coefficients independent of p, it snffices to show that for any 
w G E{Fq), |i?“'(Fq)| is a polynomial in q with integer coefficients independent of 
p, or that |i?^(Fg)| is a polynomial in q with integer coefficients independent of p 
for any w G E(Fq) and any n > 0. Using the identification E^ = E^^ x and 
the fact that |F'“^(Fg)| is a polynomial in q with integer coefficients independent 
of p, we see that it snffices to show that \E'^‘^(Fq) \ is a polynomial in q with integer 
coefficients independent of p. Thns it snffices to check the following statement. 

Let W he an Fq-vector space of dimension d. Let h{W) he the set of non¬ 
degenerate symmetric hilinear forms W x W ^ Fq. Then | 6 (IU)| is a polynomial 
in q with integer coefficients independent of p. 

We argne by indnction on d. For d = 0 the resnlt is obvions. Assnme that d > 1. 
We write | 6 (IU)| = f{d,q). The set of all symmetric bilinear forms IF x IF —>Fq 
has cardinal qi'^('^+i)/ 2 . jg ^ disjoint nnion Uxhx{W) where X rnns over the linear 
snbspaces of IF and hxiW) is the set of symmetric bilinear forms IF x IF —> F^ 
with radical eqnal to X. Thns, 

,J(J+i)/2 ^ ^ \h{WIX)\ = Ed.e|0.dl9('*X',9)/(rf-rf',9) 

where g{d,d',q) = |{W C IF, dim W = d'}\. We see that 
/(d, q) = gArf+i )/2 _ g{d, d', q)f{d - d', q). 

Since g{d, d', q) is a polynomial in q with integer coefficients independent of p and 
the same holds for f{d — d',q) with d' G [l,d] (by the indnction hypothesis) it 



32 


G. LUSZTIG 


follows that /((i, q) is as required. 
We see that iPs holds. 


4. The group A^{u) 

4.1. In this section we assume that p >2 and that iPi holds. Let u eU. According 
to iPi there is a unique AG Dq such that u G X‘^. Let A^{u) = Zq^(u)/Zq^{u)^^ 
a hnite p-group. 

The image of A^{u) in Zq{u) jZ q{uY is a normal subgroup (since Zq{u) — 
Z’ga('u), see 1.1(c), and Zq^{u) is normal in Zq^{u)). 

In this section we describe the hnite group A^{u) in some examples assuming 
that p = 2 and G is a symplectic group. 

Let n > 1. Let I = {i E [—n,n];i = n mod 2}. Let F E C, F ^ 0. Let 
V = (BieiFi where Fi = F. Dehne N : V V hy [xi) i—>• (x') where x[ = Xi -2 
for i G / — {—= 0. We hx (, )o G Symp(l/) such that ((iCi), (yi))o = 
h{xi^y-i) where h E Bil(F) satishes b* = b, b is non-degenerate and b E 
Symp(F) if n is even. 

Let (,) G Symp(l/) be such that {Nx, y) -|- {x, Ny) + {Nx, Ny) = 0 for x,y eV 
and {x,y) = {x,y)Q if there exists i such that xj — 0 for j i and yj = 0 for 
j ^ -i. We have {{xi), (yi)) = Ylii,jeibij{xi,yj) where bij E Bil(F) are such that 
bi- 2 ,j + h,j -2 + bij = 0 if b J e / - {-n}, 
bi^-i = b for all i E I, 
bii E Symp(F) for all i G /, 

Kj = -bji all ij E I, 

(We have automatically bij = 0 if i -|- 3 > 1-) 

Let A' = {T E GL{V);TN = NT,{x,y) = (Tx^Ty) \/x,y E V}^ a subgroup of 
Sp {{,)); equivalently, A' is the set of linear maps T : V ^ V of the form 
T : [xi) ^ {x'i),x[ = J2jei-J<i^i-j^j 
where G- ^ End(F) (r G {0, 2, 4,..., 2n}) are such that 


(E. 


i-j I 


bij{x,y) = 


E 


jf (T{/ (x), Tjf—jy^ 


for i,j E lA + j < 0 and x,y E F. Now (Eij), {Eij- 2 ,j- 2 ) with i + j = 2k are 
equivalent if (Fab) is assumed for a-|-6 = 2/c-|-2 (the sum of those two equations is 
just Eij. 2 ,j)- Thus the conditions that T must satisfy are Fa and Ei_ 2 ,i- Setting 
X = y in these equations we obtain equations (i ?®_2 J. Note that the 

equation (Ef-) is 0 = 0 hence can be omitted; the equation (Fa) is a consequence 
of {Ef _2 i) (if it is dehned). Hence the equations satished by the components of T 
are as follows: 


(a) (£_ 2 .o), (£" 4 ,- 2 ), (£- 4 ,- 2 ),.... (£A,-„+ 2 ). (E-„,-„+ 2 ), 
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(for n even), 

(£“ 3 .- 1 ). (S- 3 ,- 1 ). (£“ 5 .- 3 ). (B- 3 .- 3 )..... (S^,-„+ 2 ). 

(b) {E-n^-n+2), {E-n,-n) 

(for n odd). Assume first that n is even. The solutions Tq of the hrst equation 
in (a) form an even orthogonal group, a variety with two connected components. 
For any such Tq the solutions T 2 of the second equation in (a) form an affine space 
of dimension independent of Tq. For any Tq,T2 already determined, the solutions 
T 4 of the third equation in (a) form an affine space of dimension independent of 
To, T 2 . Continuing in this way we see that the solutions of the equations (a) form 
a variety with two connected components. Moreover, the solutions in which Tq is 
specihed to be 1 form a connected variety. 

Assume next that n is odd and b is symplectic. The solutions Tq of the hrst 
equation in (b) form a symplectic group (a connected variety). For any such Tq 
the solutions T 2 of the second equation in (b) form an afhne space of dimension 
independent of Tq. For any Tq, T 2 already determined, the solutions T 4 of the third 
equation in (b) form an afhne space of dimension independent of Tq, T 2 . Continuing 
in this way we see that the solutions of the equations (b) form a connected variety. 
Moreover, the solutions in which Tq is specihed to be 1 form a connected variety. 

One can show that, if n is odd, n > 3 and b is not symplectic, the solutions of 
the equations (b) form a variety with two connected components. Moreover, the 
solutions in which Tq is specihed to be 1 form a disconnected variety. 

In solving the equations above we use repeatedly the statement (c) below. Let 
n be the vector space of quadratic forms F k. Dehne linear maps ai, a 2 , as as 
follows: 

ai : End(T) —^ n(T) is r h->• q,q{x) = b{x,T{x))-, 

a 2 : {r G End(T); 6 (T(a:), y) = b{x,T{y) \/x,y G F} —Hom(T, k) is r h-> 
9, 9{x) = ^/b{x, 'i'(^)); 

as : {b' G Bil(T); 6'* = b'} Hom(T, k) is b' 1 —>• 0, 0{x) = ^/b'{x, x). 

Then 

(c) ai, a 2 , as are surjective. 

For as this is clear. Consider now a2- Let 9 G Hom(T, k). By (c) for as we can hnd 
b' G Bil(T), b'* = b' such that 9{x) = \Jb'{x, x). We can hnd a unique r G End{F) 
such that b{x,T{y)) = b'{x,y). Then a2{t) = 9. Consider now ai. Let g G 0. Let 
6® be a symplectic form on F. We can write b^ = d + d* where d G Bil(T). We 
can write d{x, y) = b{x, cr{y)) for some a G End(T). Then b{x^ a{y)) +b{y^ cr(a:)) = 
b*^{x,y). Apply this to the symplectic form b^{x,y) = q{x + y) +q{x) +q{y)- Then 
b{x + y,a{x + y)) + b{x,a{x)) + b{y,a{y)) = b{x,a{y))+ b{y,a{x)) = q{x + y) + 
q{x)+q{y). 

Hence b{x, cr{x)) + q{x) = 6 *(a:)^ for some 9 G Hom(T, k). By (c) for a 2 we can hnd 
r G End(T) such that b{x,T{x)) = 9{x)‘^. Then b{x,a{x))+ b{x,T{x)) = q{x) that 
is b{x, (a + T)(a:)) = q{x). Thus ai is surjective. This proves (c). 
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4 . 2 . Let V, (,) be as in 3.2. Let N E . Let e be as in 2.4. We show: 

(a) IfW, W' are e-special subspaces ofV (see 2.8) then there exists q G 14 

such that g{W) = W', gN = Ng. 

By 2.8(b) we can find (71 G 1 + i?>i14 snch that gi{W) = W, giN = Ngi. Then 
gi carries (,) to a symplectic form (,)' which indnces the same symplectic form 
as (,) on gr14 and has the same associated qnadratic forms as (,) (see 3.6(b)). 
By the proof in 3.10 (case 2 and 3) we see that there exists (72 G 1 + i?>i14 snch 
that g 2 {W) = W', g 2 N = Ng 2 and 772 carries (,)' to (,). Then g = 772(71 has the 
reqnired properties. 

4 . 3 . Let V, (,), N, 14, e be as in 4.2. 

(a) If {x,Nx) = 0 for any x G V>-i, then V := {77 G Ey\v^;gN = Ng} is 
connected. Hence A^{1 N) = {1}. 

We argne by indnction on e. Let X be the set of all e-special snbspaces (see 2.8) 
of V. By 2.8(b) the gronp {^r g 1 -|- E>iV^-,gN = Ng} acts transitively on X. 
This gronp is connected (it may be identified as variety with the vector space 
G E>iV^-,f,N = Nf})] hence X is connected. By 4.2(a), V acts transitively on 
X. Since X is connected, it snffices to show that the stabilizer Vw of some W E X 
in V is connected. This stabilizer is V x V" where are defined like V in 

terms of IT, 1T^ instead of V. By resnlts in 4.2, V' is connected. By the indnction 
hypothesis applied to IT"*", V" is connected. Hence V x V" is connected. Hence 
V is connected. 


5. Study of the varieties Bu 
5 . 1 . We assnme that k = kp. 

We say that an algebraic variety V over k has the purity property if for some/any 
Fg-rational strnctnre on V (where is a finite snbfield of k) with Frobenins map 
F : T —> T and any n E Z, any complex absolnte valne of any eigenvalne of 
E* : H^{V, Qi) ^ Hf{V, Qi) is q^/^. 

In this section we show that for certain u E U the varieties Bu (see 0.1) have 
the pnrity property. We assnme that properties iPi — IP 4 , iPe, fPr hold for G. 

Let AG Dq. Let H^ be the (finite) set of orbits for the conjngation action of Gq 
on B. Let B = {B E B; B C Gq }• O eB^ define a morphism 

by 5 ^ (5 n G'^)G'f. We show: 

(a) The fibres of fP ■. O ^ B are exactly the orbits of Gf acting on O by 
conjugation. 

If B,B’ E G, PiB) = PiB'), then B' = g-^Bg with g E G^, {B' n G^)Gf = 
(B n Gn )Gf = g~^{B n Gn )Gf 77. Hence 77 G (5 fl Gn )Gf. Writing 77 = g’g'j g' E 
5 n G^, G Gf, we have B’ = g-^Bg = g"-^Bg". This proves (a). 

Let = {{u, B) E x B;u E B}. We have a partition 

where Y^ = {(w, B)eX^ xO;uE B}. Let O E H"". We show: 

(b) Yq is smooth. 

Let B E O. Let Y' = {( 11 , 77 ) G X‘^ x GQ-,g~^ug E B (1 X^}. We have a fibration 
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Y' — Yq with smooth hbres isomorphic to Gq DB. Hence it suffices to show that 
Y' is smooth. Let Y" = x Gq. Define Y' ^ Y" by {u^g) i—> {g~^ug^g). 

It suffices to show that Y” is smooth, or that B r\ is smooth. But B r\ X^ is 
open in 5 n Gf which is smooth, being an algebraic group. This proves (b). 

For any /3 e H let - ((5nGt)Gf )/Gf where 5 G G is such that ^^(5) = p. 
Note that Qp is a closed connected subgroup of Gf /Gf, independent of the choice 
of B. (To verify the last statement it suffices, by (a), to show that for B as above 
and n e Gf we have {vBv~^ fl Gf )G 3 = (5 fl Gf )G 3 . This follows from 1.1(b).) 
Now Gq acts on B and on Gf/Gg by conjugation. From the definitions we see 
that for g G Gq and /3 G H we have = gG^g~^■ 

Let Yq — {(t,/3) G X^ X B]x e G^}- We show: 

(c) Yq is a closed smooth subvariety of X^ x B. 

Let B E O. We have a fibration X^ x Gq — X^ x B, {u, g) h->• ( 7 r^('u), {gBg~^)) 

with smooth fibres. It suffices to show that the inverse image of under this 
fibration is a closed smooth subvariety of X'^ x Gq , or that 
{(rr, g)EX^x G^-g-^ug G n ((5 n Gt)Gt)} 
is a closed smooth subvariety of x Gq , or that (W^ fl ((5 fl Gf )G 3 )) x Gq is a 
closed smooth subvariety of xGq or that W^n((i?nG 2 )G 3 ) is a closed smooth 
subvariety of It is closed since (BflGf )G 3 is closed in Gf • It is smooth since 
it is an open subset of {B fl Gf )G 3 which is smooth, being an algebraic group. 
We show: 

(d) The morphism a : Yq —> Yq^{u^B) h-> ( 7 r^('u), ^^(5)) is a fibration with 
fibres isomorphic to an affine space of a fixed dimension. 

Clearly, a is surjective. Let {u, B) G Y^. Let 

Z := a“^(a('U, 5)) = {(«', 5'); n. = u'f,B' = vBv~^ for some n G Gf,/ G 
GI-u'eB'}. 

We show only that Z is isomorphic to an affine space of fixed dimension. Let 
Z = {(/,n) G Gf X Gf-v-^uf-^v G B}. Then Y = Z/{B n Gf) where 5 n Gf 
acts freely on Y by 6 : (/, n) i—> {f,vb~p. Since conjugation by Gf acts trivially 
on G 2 /G 3 , the map (/, n) h-> (/',n),/' = u~^v~^uf~^v is an isomorphism 

Y Y' = {(/', n) G Gf X Gfi,uf' E B} = {(/', v) E Gf x Gf; /' G 5} 

= (Gf n 5) X Gf 

(we use u E B) and we have Y = (Gf flH) x Gf /(HflGf). Now Gf flH, Gf, BflGf 
are connected unipotent groups of dimension independent of B, for B E O. (The 
connectedness follows from the fact that these unipotent groups are normalized 
by a maximal torus of G contained in Gq fl B. The fact that the dimension does 
not depend on B follows from the fact that Gf,G 3 are normalized by Gq.) We 
see that Y is an affine space of constant dimension. 

We now fix a: G W. Let E = ( 7 r'^)-i(a:) C Let He = {(w, B)eYxB-uE 
B}. We have He = where Ge = {( 1 ^ 5 -S) E Y x 0;u E B}. Let O E H^. 

Let H^ = {P E B; X E G^}- We show: 
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(e) is a closed subvariety of B and a' : Oy; B^ , (u^ B) i—>• i^{B) is a 

fibration with fibres isomorphic to an affine space of a fixed dimension. 

Let S G (9,^0 G E. We have a locally trivial fibration Gq ^ B^ g ^ {gBg~^). 

To show that B^ is closed it suffices to show that its inverse image under this 
fibration is closed in Gq , or that {g G Gq; g~^UQg E {Bn Gf )G 3 } is closed in Gq • 
This is clear since {B flGf )G 3 is closed in Gf • The second assertion of (e) follows 
from (d) using the cartesian diagram 


Oy B^ 


VA vA 

where the left vertical map is the obvious inclusion and the right vertical map is 
(3 ^ {x,(3). 

(f) If the closure of the Gq- orbit in Gf of some/any u E T, is a subgroup T of 
Gf then B^ is smooth. 

Let B E 0,uq E T,. As in the proof of (e) it suffices to show that {g E 
Gq-, g~^uog E {B n G 2 )G^} is smooth. This variety is a fibration over R = 
{Gq — conjugacy class of •uq) H {{B H Gf )G 3 ) with smooth fibres isomorphic to 
Zqa {uq) (via g g~^uog). Hence it suffices to show that R is smooth. From our 
assumption we see that R is open in T fl ((5 fl Gf )G 3 ) which is smooth being an 
algebraic group. This proves (f). 

Note that the hypothesis of (f) holds at least in the case where the Gq- conjugacy 
class of some/any n, G S is open dense in Gf ■ We show 

(g) If the hypothesis of (f) holds then By has the purity property. 

From (e),(f) we see that B^ is a smooth projective variety of pure dimension. 
From [Dl] it then follows that B^ has the purity property. From this and (e) we 
see that for O E H^, Oy has the purity property. Using this and the partition 
By = we see that (g) holds. 

5.2. Let Z{x) = {g E GQ-,gx = xg}. Let Z{x) be the inverse image of Z{x) 
under Gq —> Gq. Thus we have Gf C Z{x) and ^{x^jGf Ah. Z{x'). Note that 
the inverse image of Z{x'fi is Z{x)^ and we have Z{x)^/Gi — Z{x)^. Now Z{x) 
acts transitively (by conjugation) on E. (Indeed, let u,u' E E. By fPe we can 
find g E Gq such that u' = gug~^. We have automatically g E Z{x).) Since E is 
irreducible, it follows that Z{x)^ acts transitively (by conjugation) on E. 

Let u E Ti. Recall that Bu = {B E B-,u E B}. Let Z'q{u) = Zg{u) fl Z{xY. 
Since Zq{u) C Z{x), see 1.1(c), we see that Zq{u) is a normal subgroup of Zq{u) 
containing Zq{u)^. Let A'{u) be the image of Z'q{u) in A{u) := Zq{u)/Zq{u)^-, 
this is a normal subgroup of A{u). We have Z'q{u)/Zqa{u) -Afi Z{x)^. Hence 
Zq{u) = Zqa{u)Z'q{uY = Zqa{u)Zg{uY . It follows that 
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A'{u) is the image of the obvious homomorphism {u) A{u). 

Now Zg{u) acts by conjugation on Bu] this induces an action of A{u) on H^{Bm Qz)| 
which restricts to an A'('u)-action on H'^{Bu, Qi)- 

Assume that the hypothesis of 5 . 1 (f) holds and that A'{u) acts trivially on 
Qi) aiiy 'IT- We show: 

(a) Bu has the purity property. 

Dehne f : By, T, hj {g,B) i—> g. For any n, R'^f\{Cli) is an equivariant con- 
structible sheaf for the transitive Z(x)^ action on E; hence it is a local system 
on E corresponding to a representation of A'(u) (the group of components of the 
isotropy group of u in Z(x)^) on H'^{Bu, Qi). This representation is trivial hence 
is cl constant local system. Since E is an affine space of dimension say d 
we see that i^“(E, R'^f\{Qi)) is H'^{Bu: Qi)i~d) A a = 2d and is zero if a 7^ 2d. It 
follows that the standard spectral sequence 
= if“(E, R^MQi)) => Hf+^iBY: Qi) 

is degenerate. Hence the purity property of By (see 5 . 1 (g)) implies that any 
complex absolute value of any eigenvalue of the Frobenius map on 

is q^+'^A, Hence any complex absolute value of any eigenvalue of the Frobenius 
map on Hf;{Bu, Qi) is This proves (a). 

5 . 3 . Since the hypothesis of 5 . 1 (f) is not satished in general, we seek an alternative 
way to prove purity. 

Let 7 be the Gq- orbit of x in X^. Let 7 71 ^ 7 be as in ^^7. Let 

S = p~^{a{x)). Let B§ = {{x',l 3 ) G Yq-,x' G S}, a closed subvariety of Y^. We 
show: 

(a) Bi is smooth of pure dimension. 

Let Po G B. Let Qo = It sufhces to show that the inverse image of B§ under 
the hbration S x Gq E x B, {x',g) h-> {x',gl 3 og~^) (with smooth connected 
hbres) is smooth of pure dimension, or that © := {(t', ^) G S x Gq ; g~^x'g G Go} 
is smooth of pure dimension. The morphism / : © —> 7 fl Go, (x',g) 1-^ g~^x'g 
is smooth with hbres of pure dimension. (We show only that for any y ^ f H Go, 
the hbre f~^{y) is isomorphic to {g G GQ',gxg~^ = x} which is smooth of pure 
dimension. We have 

e s X G^-g-^x'g = y} ^ {g e G^-,gyg~^ G S} 

= {^ G G^-p{gyg~^) = a{x)} = {g e G^-,ga~^{p{y))g~^ = x} 

and it remains to use the transitivity of the Gg-action on 7.) It sufhces to show 
that 7 n ^0 is empty or smooth, connected. Now 7 is open in Gf /Gf hence 7 fl ^0 
is open in Go which is connected and smooth (being an algebraic group). 

We show: 

(b) Assume that for any O G H^ there is a k*-actzon on B§ which is a con¬ 
traction to the projective subvariety B^. Then By has the purity property. 
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Consider an F^-rational strnctnre on G snch that is defined over Fg for 
any a and (9, are defined over Fg. Let Q be an eigenvalne of Frobenins on 
, Qi). By [D2, 3.3.1], any complex absolnte valne of C is < (since 
is projective). Onr assnmption implies that the inclnsion B^ C B^ indnces for any 
n an isomorphism H'^{B^,Cli) H^{B^,Cli). Hence ( is also an eigenvalne of 

Frobenins on H'^{B^, Qi). Since B^ is smooth of pnre dimension say d, it satisfies 
Poincare dnality; hence q'^C~^ is an eigenvalne of Frobenins on ^Qi). 

By [D2, 3.3.1] applied to B§, we see that any complex absolnte valne of q'^C ^ 
is < g( 2 d-n )/2 g^j^y complex absolnte valne of is > It follows that 

any complex absolnte valne of ( is We see that has the pnrity property. 
(This argnment is similar to one of Springer in [Sp].) From this and 5.1(e) we 
see that for O G H^, Oy, has the pnrity property. Using this and the partition 
By — Lloen^C^E, we see that By has the pnrity property. 

If we assnme in addition that A'{u) acts trivially on Qz) for any n we 

see as in 5.2 that Bu has the pnrity property. 

5.4. Let U, (,) be as in 3.2. Assnme that p = 2 and that G = S'p((,)). Let u & U. 
We set n. = 1 + A^, U* = . Assnme that 

(a) (x, Nx) = 0 for any x G U>_i. 

We set 

F = 1 + {W G (x, N'x) = 0 Vx G U>_i}. 

Now F is a snbgronp of 1 + Ey^V*- (Assnme that 1 + N', 1 + N" G G 2 - Let 
X G U>_i}. We have {x,N'x) = 0, {x,N"x) = 0. We mnst show that {x, {N' + 
N" + N'N'')x) = 0 or that (x, N'N"x) = 0. This follows from N'N"x G V >3 and 
3 — 1 > 1.) Clearly, F is normal in Gq. Since F is a closed nnipotent snbgronp 
normalized by Gq , it mnst be connected. Now 
J:=1 + {N' e G 2 ; N' G End^(grW)} 

is open in F since it is the inverse image nnder F —End 2 (grUK), 1 + 1 —> of 
the open snbset End 2 (grU*) of End 2 (grU*). Also JT” 7 ^ 0 since 1 + A^ G JT”. Hence 
J' is an open dense snbset of F. By resnlts in 3.14, J' is the GQ-conjngacy class 
of 1 + A^. 

We see that the hypothesis of 5.1(f) holds. Using 5.2(a) we see that: 

(b) Bu has the purity property for any u E G whose conjugacy class is minimal 
in the unipotent piece containing it, see 1.1, and such that any Jordan block of 
even size appears an even number times. 

(For snch u, A'{u) is trivial by 4.3(a).) 

Alternatively, one can show that for u as in (b) the method of 5.3 is applicable 
(the hypothesis of 5.3(b) holds) and one obtains another proof of (b). 
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